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Abstract
We present the full calculation of the divergent one-loop contri-
bution to the effective boson Lagrangian for supergravity, including
the Yang-Mills sector and the helicity-odd operators that arise from
integration over fermion fields. The only restriction is on the Yang-
Mills kinetic energy normalization function, which is taken diagonal
in gauge indices, as in models obtained from superstrings.
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1. Introduction
Understanding the structure of the divergences in supergravity is a nec-
essary step in determining the counterterms [1], [2], [3] that are needed to
fully restore modular invariance in an effective supergravity theory from su-
perstrings. The determination of these loop corrections may also provide a
guide to the construction of an effective theory for a composite chiral multi-
plet that is a bound state of strongly coupled Yang-Mills superfields, which
in turn could shed light on gaugino condensation as a mechanism for super-
symmetry breaking.
In a recent paper [4] (hereafter referred to as I), we gave the divergent
contributions to the bosonic Lagrangian in a general supergravity theory
coupled to chiral matter, in a general bosonic background, averaged over
quantum fermion helicities. That work extended and completed the results
of several earlier calculations [5]–[8]. In particular, using specific choices of
the gauge fixing and of the expansion of the action, we were able to cast the
results in an especially simple form in which most of the one-loop correc-
tions can be interpreted in terms of renormalizations. In the present paper
we extend these results to incorporate the Yang-Mills sector [9], including
helicity-odd operators that arise from integration over quantum fermions.
Our results are completely general, except that we assume that the tree-level
gauge kinetic energy normalization function f(z) [10], where z represents the
complex scalar fields of the theory, is proportional to the unit matrix. This
is the case for all known theories derived from superstrings, up to possible
multiplicative constants for different factor gauge groups that correspond to
higher affine levels [11]. This modification is easily incorporated into our
formalism, as explained in Section 5.
The generalization of the results of I to the more general case considered
here can be summarized as follows. We define an operator of dimension d as
a Ka¨hler invariant operator whose term of lowest dimension is d, where scalar
and Yang-Mills fields are assigned the canonical dimension of unity. Then,
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among the ultra-violet divergent terms generated at one loop, all operators of
dimension 6 or less (as well as many operators of dimension 8) that involve
neither the Ka¨hler curvature nor derivatives of the gauge kinetic function
can be absorbed by field redefinitions, interpreted as renormalizations of the
Ka¨hler potential, or take the form Fab(z, z¯)
(
W aW b
)
F
+ h.c., where W a is
a chiral Yang-Mills supermultiplet, the subscript denotes the F-component,
and the matrix-valued function Fab(z, z¯) is not in general holomorphic. The
remaining terms of dimension 8 and higher must be interpreted as arising
from higher order spinorial derivatives of superfield operators.
As noted in I, the effective cut-off for effective theories derived from super-
strings is field dependent [3], [12], [13]; moreover the field dependence is dif-
ferent for loop corrections arising from different sectors of the theory [3], [13].
As in I we use here a single cut-off and neglect its derivatives; terms involving
derivatives of the cut-off have a different dependence on the moduli and must
be considered together with terms that are one-loop finite. Our results, some
of which are collected in the appendix, are presented in such a way that the
contributions from different sectors can be isolated and the corresponding
Pauli-Villars contributions can easily be evaluated.
In Section 2 we discuss gauge fixing and the definition of the action expan-
sion and in Section 3 we evaluate the helicity-odd fermion loop contributions.
Our result for the one-loop corrected effective action is given in Section 4,
and applied to generic models from string theory in Section 5. We summarize
our results and discuss applications in Section 6.
In I we included appendices that define our conventions and list the oper-
ators that appear in the quantum action as defined by our gauge fixing and
expansion prescriptions, as well as the traces of products of these operators
that determine the divergent terms in the effective one loop action. Appendix
C of this paper extends that compilation to include operators involving the
Yang-Mills background field and new operators arising from integration over
Yang-Mills quantum fields. Additional conventions and techniques used in
the evaluation of helicity-odd fermion traces are included in Appendix A.
2
In Appendix B we specify our Yang-Mills sign conventions and list relations
among the covariant scalar derivatives of the Ka¨hler potential K, the super-
potential W and the gauge field normalization function f that follow from
gauge invariance of these functions and that are useful in evaluating traces.
Corrections to I are included in footnotes to the text.
2. Gauge Fixing and the Expansion of the
Action
Our gauge fixing procedure is described in I. Here we generalize the for-
malism of I to the case x 6= constant, where x = Ref(z) is the inverse
squared gauge coupling. In the general supergravity Lagrangian [10], the
function fab(z), where a, b are gauge indices, that determines the inverse
squared gauge coupling constant, is matrix-valued. Throughout this paper
we set
fab(z) = δabf(z) ≡ δab (x+ iy) .
The Yang-Mills gauge fixing prescription is modified when x 6= constant,
and, since we are now including background as well as quantum Yang-Mills
fields, gauge-graviton ghost mixing must be included. We discuss only gauge
fixing of the bosonic sector in this section. The fermion sector gauge fixing
is unchanged1 from that defined in I, and is summarized in Appendix C.2.
Our gauge sign conventions are those of [10] and are defined in Appendix B.
The gauge-fixed Lagrangian is defined by2
L → L+Lgf , Lgf = −
√
g
2
CAZ
ABCB, Z =
(
δab 0
0 −gµν
)
, C =
(
Ca
Cµ
)
,
1There are some sign errors in the fermionic part of the Lagrangian and gauge fixing
terms given in I that are corrected in Appendix C of this paper; they do not affect the
results of I.
2There is a factor 2 missing in the last term in (2.6) of I.
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Ca = D′′µAˆaµ +
i√
x
Kim¯
[
(T az¯)m¯zˆi − (T az)izˆm¯
]
,
√
2Cµ =
(
∇νhµν − 1
2
∇µhνν − 2DµzIZIJ zˆJ + 2FaµνAˆνa
)
, (2.1)
where hatted variables refer to quantum fields and unhatted ones refer to
background fields, hµν is the quantum part of the space-time metric whose
classical part is gµν , and Kim¯ is the Ka¨hler metric, which here is a func-
tion of the background fields. Following [9] we have introduced canonically
normalized Yang-Mills fields:
Aµ =
√
xAµ, Aˆµ =
√
xAˆµ, Fµν =
√
xFµν ,
√
xDµAν = D′µAµ, (2.2)
and we have adopted the shorthand notation
D′µ = Dµ −
∂µx
2x
, D′′µ = Dµ +
∂µx
2x
, (2.3)
where Dµ is the gauge and general coordinate invariant derivative. Under a
gauge transformation with parameter β = Taβ
a and fixed background fields
we have, neglecting terms of order zˆ, Aˆ:
δzˆi = −i(βz)i, δzˆm¯ = +i(βz¯)m¯, δAˆaµ =
√
xDµβa. (2.4)
If we implement the gauge fixing condition in the usual way, the ghost deter-
minant contains a factor Det
1
2x that translates into a quartically divergent
term proportional to Tr ln x in the effective action. Note however that we
have rescaled the quantum Yang-Mills fields [9] [see (2.2) above] and the
quantum gaugino fields [5] (see Appendix C.2 below) in order to canoni-
cally normalize their kinetic energy. If we rescale the gauge parameter in the
same way as the Yang-Mills supermultiplet, and take, instead of β, the gauge
parameter
γ =
√
xβ,
√
xDµβ = D′µγ,
we get
δAˆµ = D′µγ, δzˆi = −
i√
x
(γz)i, δzˆm¯ = +
i√
x
(γz¯)m¯, (2.5)
4
and no Tr ln x term is generated in the ghost determinant. We therefore
adopt the prescription (2.5).
Under a general coordinate transformation x→ x′ = x+ ǫ, we have
δzˆi = ǫµ∂µz
i, δAˆν =
√
x (ǫσ∇σAν + Aσ∇νǫσ) ,
which is general coordinate, but not gauge, covariant. To obtain a manifestly
gauge covariant result, we add a compensating gauge transformation with
parameter γa(ǫµ) = −ǫµAaµ, giving
δzˆi = ǫµDµzi, δAˆν = ǫσFσν . (2.6)
Then, relabelling the gauge parameter as ǫa ≡ γa, the ghost determinant
M is obtained in the usual way as
MAB =
∂
∂ǫA
δCB, (2.7)
where the variation δC is determined from
δzˆi = − i√
x
(Tbz)
iǫb + ǫµDµzi, δzˆm¯ = i√
x
(Tbz¯)
m¯ǫb + ǫµDµz¯m¯,
δAˆaµ = D′µǫa + ǫσFaσµ, δhµν = ∇νǫµ +∇µǫν . (2.8)
This gives a contribution to the gauge-fixed Lagrangian:
g−
1
2Lgh = c¯BMAB c0A ≡ c¯Z
(
Dˆ2 +Hgh
)
c
= c¯b
[
(D′′µD′µ)ab + qaI qIb
]
ca − c¯ν
√
2
[
D′′µFaνµ + qaI
(
DνzI
)]
ca
−c¯µ
[
∇2gµν − rµν − 2
(
DµzI
)
ZIJ
(
DνzJ
)
+ 2FaµρF ρaν
]
cν
−c¯a
√
2
[(
DµzI
)
qaI − FaµνD′ν
]
cµ, ca0 = c
a, cµ0 = −
√
2cµ,
qai =
i√
x
(T az¯)m¯Kim¯, q
i
a = −
i√
x
(Taz)
i. (2.9)
The rescaling of the graviton ghost in order to canonically normalize the
ghost kinetic energy yields a factor Det−
1
22 in the functional integration that
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cancels a factor Det
1
22 from the gravitino auxiliary field [5], [4]. The matrix
elements of Hgh and of the covariant derivative Dˆ are given in (2.11), (C.29)
and (C.30).
Finally, as discussed in I, we modify the graviton propagator by adding
terms that are proportional to LA = ∂L/∂φA, where φA is any field. This
modification, which is equivalent to a nonlinear redefinition of the quantum
variables, does not change the S-matrix and can lead to simplifications as well
as enhancing manifest covariance under the symmetries of the theory [14].
We define the graviton propagator by3 (2.20) and (2.21) of I, and by
∆−1µν,aρ = Lµν,aρ −
1
2
gµνLaρ + 1
2
gµρLaν + 1
2
gνρLaµ = Lµν,aρ + 4Pµν,ρσLσa ,
Lµν,aρ = gµµ′gνν′gρρ′ ∂
2
∂gµ′ν′∂Aaρ′
L, Lσa = gσρLaρ =
∂
∂Aaσ
L. (2.10)
It should be emphasized that the propagator modifications that we use have
been chosen purely for convenience; they considerably simplify the matrix
elements that are listed in Appendix C.1, and are not necessarily derivable
from a generalized metric [14]. A natural choice4 for this metric would be
GAB =
√
g (ZΦ)AB, where A,B run over all bose degrees of freedom and
the metric ZΦ is defined in (2.11) below. Then defining ∆
−1
AB = LAB −
ΓCABLC , where ΓCAB is the Christoffel connection derived from the metric GAB,
the propagator corrections would be precisely half the ones used here (with
additional corrections to scalar propagator ∆−1IJ and the vector propagator
∆−1aρ,bσ proportional to Lµν,ρσ). It is possible that the use of this generalized
metric would reduce the need for field redefinitions as described in Section
4 [see (4.11-13)], but its use would make the intermediate calculations more
cumbersome.
3(2.21) of I should read: ∆−1µν,ρσ → ∆−1µν,ρσ − 2Pµν,ρσLλλ − 12 [gµνLρσ + gρσLµν ] +
1
2
[gµρLνσ + gνρLµσ + gµσLνρ + gνσLµρ] .
4This choice for Gµν,ρσ coincides with that of Fradkin and Tseytlin [14] for the case
of supergravity with their parameter t = 1, which corresponds to λ = −1/2 in their pure
gravity case.
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Once the above prescriptions have been implemented, the quadratic quan-
tum Lagrangian for the bosonic sector takes the general form:
Lbose + Lgh = −1
2
ΦT
[
ZΦ
(
D2 +M2Φ
)
+ {Dµ, XµΦ}
]
Φ
+
1
2
c¯
[
Zgh
(
D2 +M2gh
)
+ {Dµ, Xµgh}
]
c,
where Φ = (hµν , Aˆa, zˆi, zˆm¯), Dµ is covariant under scalar field redefinitions
as well as gauge and general coordinate transformations, and the Xµ connect
fields of different spin; in addition, there is a vector-vector connection [9]
in XµΦ. Following the procedure described in [9], we introduce off-diagonal
connections in both the bosonic and ghost sectors, as well as an additional
connection for the gauge fields, so as to cast the quantum Lagrangian for the
full gauge-fixed bosonic sector in the form
Lbose + Lgh = −1
2
ΦTZΦ
(
Dˆ2Φ +HΦ
)
Φ+
1
2
c¯Zgh
(
Dˆ2gh +Hgh
)
c,
DˆΦµ = Dµ + Vµ, (Vµ)aρ,bσ = −δabǫρµσν
∂νy
2x
,
(ZVµ)αβ,aν = (Vµ)aν,αβ =
1
4
(Faβµgαν + Faαµgβν) ,
(Vµ)aν,i = (Vµ)i,aν =
[
(Vµ)ı¯,aν
]∗
=
1
4x
fi
(
Faµν − iF˜aµν
)
,
Dˆghµ = Dµ +Bµ, (Bµ)aν = (Bµ)νa = −
1√
2
Faνµ. (2.11)
This introduces corresponding shifts in the background field-dependent “squared
mass” matrices:
M2Φ → HΦ =M2Φ − VµV µ, M2gh → Hgh =M2gh −BµBµ. (2.12)
The elements of M2Φ were evaluated in [9]; here they are somewhat modi-
fied by the different Yang-Mills gauge fixing and action expansion. These
modified matrix elements are listed in Appendix C.1 below.
As explained in Section 3 and Appendix A, we evaluate the fermion de-
terminant by first writing it in two-component notation, separating it into
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helicity-even and -odd contributions, and then recasting these two contribu-
tions in Lorentz covariant four-component notation. As discussed in [13], this
separation is not uniquely defined. The choice that respects supersymmetry
as well as manifest gauge and Ka¨hler covariance allows a consistent Pauli-
Villars regulation. We follow that choice here; the corresponding matrix
elements are given in the Appendix. The contribution from fermion loops
to the effective action is evaluated (see Appendix A) by introducing [5] the
8× 8 matrices
Dµ =
(
D+µ 0
0 D−µ
)
, MΘ =
(
0 M
M¯ 0
)
, 6D = γµDµ (2.13)
that operate on an eight component fermion fT = (fL, fR = f
c
L). The
helicity averaged contribution of the fermion determinant is then
− i
4
Tr ln(−i 6D +MΘ)+ = − i
8
Tr ln
(
6D2 +M2Θ − i[6D,MΘ]
)
, (2.14)
Because the fermion mass matrix and connection contain the terms σµνMµν
and iLµγ5, respectively, they do not commute with γµ; thus
6D2 = D2 + 1
4
[γµ, γν ]Gµν +
1
2
{Dν , γµ [Dµ, γν ]} − 1
2
[Dν , γ
µ [Dµ, γ
ν]] ,
[6D,MΘ] = 1
2
{γµ, DµMΘ}+ 1
2
{Dµ, [γµ,MΘ]}+ 1
2
[MΘ, [D
µ, γµ]],
DµMΘ ≡ [Dµ,MΘ] . (2.15)
Therefore, in analogy with the boson case discussed above, we write
− i
4
Tr ln(−i 6D +MΘ)+ = − i
8
Tr ln
(
Dˆ2Θ +HΘ
)
, (2.16)
HΘ = M
2
Θ −
i
2
{γµ, DµMΘ}+ 1
4
[γµ,MΘ] [γµ,MΘ]− i
2
[MΘ, [D
µ, γµ]] +
1
4
[γµ, γν ]Gµν
−1
4
γµ [Dµ, γ
ν ] γρ [Dρ, γν]− 1
2
[Dν , γ
µ [Dµ, γ
ν ]] +
i
4
{[γµ,MΘ] , γν [Dν , γµ]},
DˆΘµ = Dµ −
i
2
[γµ,MΘ] +
1
2
γν [Dν , γµ] . (2.17)
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3. Helicity-Odd Fermion Loop Contributions
In this section we determine the helicity-odd operators that arise from in-
tegration over fermionic degrees of freedom. They are particularly relevant to
the evaluation of anomalies [2], [3], in effective supergravity theories, which is
currently of special interest in attempts to extract physics from string theory.
We show that these terms are finite, except in the presence of a Yang-Mills
sector with a nontrivial kinetic normalization function f(z), in which case
there are logarithmically divergent contributions that are invariant under chi-
ral U(1)R transformations, i.e., under Ka¨hler (or modular) transformations
up to a possible dependence of the cut-off on the Ka¨hler potential. We also
indicate how the finite contributions to the effective action can be obtained.
A. General formalism
The fermion loop contribution is given by
L1 = − i
2
Tr ln (−i 6D +MΘ) ≡ − i
2
Tr lnM. (3.1)
To evaluate the determinant (3.1), we write
T = Tr lnM = T+ + T−, T± = 1
2
[Tr lnM(γ5)± Tr lnM(−γ5)] . (3.2)
Only T+ has been calculated previously for supergravity [4]–[8]. Here we will
evaluate the additional contribution, T−:
T− = −1
2
Tr lnM(−γ5)M−1(γ5) = −1
2
Tr ln{1−M−1[M(γ5)−M(−γ5)]}
=
1
2
Tr
∞∑
n=1
1
n
{M−1[M(γ5)−M(−γ5)]}n. (3.3)
Using the techniques described in [15], [5], we can write the trace in (3.3) as
(see Appendix A)
T− =
∫
d4xT (x), T (x) =
∫ d4p
(2π)4
T (p, x), (3.4)
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and then expand T (p, x) as
T (p, x) = Tr
∞∑
n=1
2n
2n
{
∞∑
ℓ=0
(−R)ℓR5}n, (3.5)
where R,R5 are defined in (A.19–20):
R = 1−p2
[
p2 − T µν∆µ∆ν + hˆ +X + (pν +Gν)PµνM̂µ
]
,
R5 = 1−p2
[
(pν +Gν)PµνNˆ
µ
]
. (3.6)
The operators appearing in (3.5) are defined in Appendix A as power series
of the form
∑
n cn(O)(D · ∂/∂p)nO, where Dµ = D+µR + D−µL is the fully
covariant derivative defined in (A.8) of the Appendix, and the operator O is
a function of the background bosons. The coefficients cn(O) are constants
with, in particular, c0(G) = 0 in the expansion of G
±
µ ; more specifically
6G± = γµG±µ G±µ =
1
2
G±νµ
∂
∂pν
+O
(
∂2
∂p∂p
)
, G±µν = −G±νµ = [D±µ , D±ν ]
(3.7)
Thus we have to evaluate the following contribution to the effective one-loop
Lagrangian:
L1 ∋ − i
2
T− = −i
∫
d4p
4(2π)4
Tr
∞∑
n=1
2n
n
{
∞∑
ℓ=0
(−R)ℓR5}n, (3.8)
where now the trace is over only Dirac indices and internal quantum numbers
(and Lorentz indices for the gravitino).
To keep the integrals finite, the integration should be performed includ-
ing Pauli-Villars regulator masses µ0: −p−2 → (−p2+µ20)−1 in the derivative
expansion. However, as shown below, T−, when suitably defined, contains
no quadratically divergent terms. Once the integrals are properly regulated–
including the appropriate definitions of T±–the coefficients of log divergent
terms are independent of the regularization scheme. On the other hand,
if one wishes to evaluate finite terms, one has either to expand around an
10
infrared regulator mass µ0 or, alternatively, to resum the derivative expan-
sion [17] [18]. In particular, the ultra-violet finite terms include the standard
chiral anomaly. We explicitly evaluated this term for the vector-vector-axial
vertex induced by Dirac fermions with a common mass µ0, and recovered
the large mass limit of the Adler-Rosenberg formula [19]; the complete ex-
pression for this formula requires a resummation of the derivative expansion
which will be presented elsewhere [18]. We emphasize that, because of the
anomaly, Ka¨hler invariance is broken at the quantum level. Classically, this
invariance permits a choice [10] of Ka¨hler gauge such that the classical La-
grangian is derivable from only two functions of the scalar fields, the (in
general matrix-valued) gauge normalization function fab(z) and the general-
ized Ka¨hler potential G(z, z¯) = K(z, z¯)+ ln |W (z)|2, where K and W are the
Ka¨hler potential and the superpotential, respectively. For the purpose of cal-
culating the anomaly [2], [3], one has to undo the Ka¨hler rotation of Cremmer
et al. [10], by performing a phase transformation [20] on the fermion fields.
As in I we work throughout in this Ka¨hler covariant formalism.
As was discussed in [13], the separation (3.2) of T into helicity-odd and
-even parts is not uniquely defined because we can interchange terms that
are even and odd in γ5 using γ5 = (i/24)ǫ
µνρσγµγνγργσ and similar identities.
In most cases the correct choice is dictated by gauge or Ka¨hler covariance.
The remaining ambiguities are resolved by supersymmetry. A fully SUSY-
invariant result for the quadratically divergent terms requires the introduc-
tion of Pauli-Villars regulator fields [8], [16]; there is a unique definition of
the matrix elements that allows a supersymmetric Pauli-Villars regulariza-
tion [13]. Specifically, this fixes the forms of the fermion mass matrix and
connection matrix:
M = m+
(
αaF
a
µν + iβaγ5F˜
a
µν
)
σµν , F˜µν =
1
2
ǫµνρσF
ρσ,
Dµ = Dµ + iΓµγ5 − 1
24
Lµǫ
λνρσγλγνγργσ, (3.9)
where Γµ, Lµ, m, and α, β are proportional to the unit matrix in Dirac space.
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Dµ, which contains the spin connection, is the gauge and general coordinate
covariant derivative, Γµ is the Ka¨hler connection, Fµν is the Yang-Mills field
strength, and Lµ is an additional axial connection for gauginos arising from
the noncanonical form of the kinetic energy term. T± are defined by (3.2)
using the explicit γ5-dependence in (3.9). Then the operators appearing in
the derivative expansion of (3.6) take the form:
G±µν = G˜
±
µν + iγ5L
±
µν − [Lµ, Lν ], G˜±µν = [D˜±µ , D˜±ν ],
D˜±µ = D±µ ± iΓµ + Γ′µ, L±µν = D˜±µLν − D˜±ν Lµ, D˜±µLν ≡ [D˜±µ , Lν ],
Jµ = i
2
(
D˜+µ − D˜−µ
)
=
i
2
(
D+µ −D−µ
)
− Γµ, MI = 1
2
(
M − M¯
)
,
M = m+Mσ = m+Mµνσ
µν , M¯ = m¯+ M¯σ = m¯+ M¯µνσ
µν ,
Mµν = αFµν − iβF˜µν , M¯µν = α¯Fµν + iβ¯F˜µν , (3.10)
where Γµ is the Ka¨hler connection and Γ
′
µ is an off-diagonal λ-ψ connection.
We consider only the case where the gauge field normalization function f(z)
is diagonal in gauge indices; then, since Γµ is diagonal, Lµ commutes with
Jν , and we have
L+µν = L
−
µν ≡ Lˆµν = Lµν + [Γ′µ, Lν ]− [Γ′ν , Lµ],
Lµν = ∇µLν −∇νLµ, [Lµ, Lν ] = 0. (3.11)
Note that the spin connection in D˜µ [see eq. (A.12) of I] drops out of the
covariant derivatives D˜µM . This is because we have taken the vierbein, and
therefore γµ, to be covariantly constant [21]: [D˜µ, γν ] = 0. The spin connec-
tion is even in γ5 and therefore contributes to D˜µM through the commutator
which vanishes [see the definitions (3.27) below].
To identify the ultraviolet divergences, we have to study the large p be-
havior of the integrand in (3.8) and keep terms up to O(p−4). A priori
R,R5 ∼ p−1, so the ultraviolet divergent part of (3.7) can occur only in
terms with n ≤ 4, ℓ ≤ 4 − n. Aside from terms involving Lµ, by construc-
tion, the integrand is odd in γ5, and we need at least four γµ’s to get a
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nonvanishing trace:
T ∝ Tr
(
Aµνρσγ
µγνγργσγ5
)
= −4iǫµνρσTrAµνρσ, (3.12)
so TrR5 = 0. Finally, we note that G±µ in (3.7) vanishes except when sand-
wiched between functions of p, and is of order p−1 in power counting. Once
all p-differentiations have been performed, surviving terms must have at least
three γµ’s that are not contracted with p
µ because of antisymmetry. After
integration over p, the tensor Aµνρσ in (3.12) can be constructed only from
the four-vectors Jµ and Lµ, the tensors Mµν , G±µν , the Riemann tensor, and
their covariant derivatives D˜µ. Each factor of G
±
µν and of Dµ reduces the
apparent divergence of a given term by one power of p. Furthermore, in the
covariant derivative expansions (A.19–20) of the operators O appearing in
(3.5) the indices µi · · ·µn in Dµi · · ·DµnO are automatically symmetrized, so
at most one derivative of each operator can contribute to Aµνρσ in (3.12).
B. Quadratically divergent contributions
By construction, T− is antisymmetric under γ5 → −γ5. Therefore we can
evaluate, instead of (3.5)
T− → 1
2
[T−(γ5)− T−(−γ5)] , (3.13)
where T−(−γ5) is obtained from T−(γ5) by the substitutions
(D+, D−,M, M¯,J ,MI)→ (D−, D+, M¯ ,M,−J ,−MI).
The matrices R,R5 are defined in (A.19–20). Since
∫
d4pTrR5 = 0, the
potentially quadratically divergent contribution to T− is
Tr
(
R25 −RR5
)
→ 1
p4
Tr [(pµNµ − pµMµ) pνNν ] , (3.14)
with Nν ,Mν given in (A.15). Under Lorentz invariant integration, with M =
m+ σµνM
µν , we have∫
d4p 6pM 6pM ′(1±γ5) ∝
∫
d4p p2γµMγ
µM ′(1±γ5) = 4
∫
d4p m 6pM ′(1±γ5).
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It follows that there are no quadratically divergent contribution involving
the mass matrix. The averaging procedure (3.13) eliminates a residual spu-
rious quadratic divergence proportional to TrJµJ µ. This divergence would
vanish identically if a Pauli-Villars regularization were used with P-V masses
that leave all classical symmetries unbroken. However this is not in general
possible for the classical Ka¨hler symmetry.5 Moreover, in the Pauli-Villars
regularization described in [13], there are no P-V fields that can regulate
quadratic divergences proportional to MµνM
µν , so the integrals, which are
ill-defined unless they are explicitly regulated, must be defined in such a
way that these divergences do not appear. Note that no quadratically di-
vergent contribution to T− arises if (3.3), as defined by (A.6), is expanded
without performing the the transformation (A.16) that makes use of partial
integration, which is ill-defined if the integrals are not finite. However this
transformation renders many terms explicitly covariant and thereby consid-
erably simplifies the derivative expansion.
C. Logarithmically divergent contributions
In the remainder of this section, T− is understood as the average (3.13). Since
we encounter only logarithmic divergences, after symmetric integration we
may make the replacements:
pµpνf(p
2) → p
2
4
gµνf(p
2),
pµpνpρpσf(p
2) → p
4
24
(gµνgρσ + gµρgνσ + gµσgνρ) f(p
2). (3.15)
To evaluate the terms with p-derivatives, we write
1
−p2 p
µ ∂
∂pν
→ − 1−p2A
µν ,
1
−p2 p
µGνµ
∂
∂pν
→ 0, Aµν = gµν − 2
p2
pµpν
∂
∂pν
1
−p2 p
µ → 1−p2A
µν , pµGνµ
∂
∂pν
1
−p2 p
ρ → 1−p2 p
µGνµg
ρν , (3.16)
5A detailed discussion of Pauli-Villars regularization of T− will be given elsewhere [18].
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where the first line is obtained by partial integration over p, and it is under-
stood that operators multiplying the first (second) line on the left (right) are
independent of p. Similarly
∂2
∂pµ∂pν
1
−p2 p
ρ → 2
p4
(
gρµpν + gρνpµ + gµνpρ − 4
p2
pµpνpρ
)
,
∂2
∂pµ∂pν
1
−p2 6pp
ρpσrµρσν → 1−p2
(
r 6p− 2
p2
pµpν 6prµν + 2rµνγµpν
)
,
1
−p2
∂2
∂pµ∂pν
pρpσrµρσν → − 2
p4
pµpνrµν , , (3.17)
where the last line is obtained by partial integration.
It is easy to see that the nonvanishing terms in T− involve the connection
Lµ and/or the off-diagonal mass Mµν . In the absence of these contributions,
since ǫµνρσrµνρτ = 0, the only helicity-odd terms are:
ǫµνρσTr[(DeµJν)JρJσ], ǫµνρσTr[GAµνJρJσ], ǫµνρσTr[GVµνDeρJσ], (3.18)
where
Deµ =
1
2
(
D+µ +D
−
µ
)
≡ ∂µ + J ′µ, GA(V )µν =
1
2
[G+µν − (+)G−µν ].
The first term in (3.18) can be written
1
3
ǫµνρσTr
[
Deµ (JνJρJσ)
]
=
1
3
ǫµνρσ∂µ(Tr[JνJρJσ]),
where we used cyclic permutations in the trace together with the relation
Tr[Deµ(JJJ )] = Tr{∂µ(JJJ ) + i[J ′µ,JJJ ]} = ∂µTr(JJJ ). (3.19)
Note that if a field-dependent ultraviolet regulator mass Λ is present one can-
not drop the total derivative on the right hand side of (3.19), but integrating
by parts gives ∂ ln Λ = ∂Λ/Λ which is finite for Λ→∞. For the second term
in (3.18), defining D±µ = ∂µ + Γ
±
µ , we have
G±µν = ∂µΓ
±
ν − ∂νΓ±µ + [Γ±µ ,Γ±ν ] = DµΓ±ν −DνΓ±µ − [Γ±µ ,Γ±ν ]. (3.20)
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By the above argument the DΓ terms give finite contributions, so we are left
with
ǫµνρσTr[(Γ+µΓ
+
ν − Γ−µΓ−ν )(Γ+ρ − Γ−ρ )(Γ+σ − Γ−σ )] = 0,
again using cyclic permutations of the trace. Since ǫµνρσDeµ[D
e
ν , D
e
ρ] vanishes
by virtue of the Bianchi identity, the third term in (3.18) reduces (up to a
total derivative) to the same form as the first term: GV → [J ,J ].
First consider the terms quartic in R,R5. To obtain the logarithmically
divergent piece, we drop all p-derivatives:
R → 1−p2 pµM
µ, R5 → 1−p2 pµN
µ. (3.21)
We note that F µνa F
b
νρF
c ρ
µ and F
µν
a F
b
νρF˜
c ρ
µ vanish if any two of the indices a, b, c
are equal; there are therefore no terms cubic in Mσ. Then using γµMγ
µ =
4m, together with Eqs. (A.23) and (B.12–13) and cyclic permutivity of the
trace, we obtain:
H(M1,M2) ≡ Tr ( 6pM1 6p 6J 6pM2 6p 6J γ5)→ 16i
3
p4Tr
(
M˜µν1 JνM2µρJ ρ −Mµν1 JνM˜2µρJ ρ
)
,
F (M1,M2) ≡ Tr ( 6pM1 6pM2 6p 6J 6p 6J γ5)→ 4p4Tr
[(
M˜µν1 m2 −m1M˜µν2
)
JµJν
]
+
4i
3
p4Tr
[(
M1µρM˜
µν
2 − M˜µν1 M2µρ
)
{J ρ,Jν}
]
,
F ′(M1,M2,M3,M4) = −F ′(M4,M1,M2,M3) ≡ Tr ( 6pM1 6pM2 6pM3 6pM4γ5)
→ 16i
3
p4Tr
(
M˜µν1 M
ρσ
2 M
3
µνM
4
ρσ −Mµν1 Mρσ2 M3µνM˜4ρσ
)
+8ip4Tr
(
m1M
2
µνm3M˜
µν
4 −m4M1µνm2M˜µν3
)
, (3.22)
where Mi = M, M¯,MI , M˜
µν
i =
1
2
ǫµνρσ(Mi)ρσ, and the traces on the right
hand sides are over internal indices only. In evaluating these expressions we
used the fact that since Tr (M1σM
2
σM
3
σM
4
σγ5) = Tr (M
4
σM
1
σM
2
σM
3
σγ5), these
terms do not contribute to
1
2
[F ′(M1,M2,M3,M4)− F ′(M4,M1,M2,M3)] = F ′(M1,M2,M3,M4).
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Finally, since the expression (3.6) forR5 is odd in γ5: [R5(γ5)]4 = + [R5(−γ5)]4,
it follows that Tr(R5)4 does not contribute to T (γ5) = −T (−γ5). The loga-
rithmically divergent contributions from the quartic terms in (3.8) are there-
fore given by:
Tr
[
−R3R5 +R5R2R5 +R2R25 + (RR5)2
−4
3
(
R25RR5 +R5RR25 +RR35
) ]
→ 1
p4
(T4 + T
′
4) . (3.23)
For the terms quartic in M we obtain
T ′4 = −
1
4
F ′(M, M¯,M, M¯) = −4i
3
Tr
(
M˜µνM¯ρσMµνM¯ρσ −MµνM¯ρσMµν ˜¯Mρσ)
−2iTr
(
mM¯µνm
˜¯Mµν − m¯Mµνm¯M˜µν) , (3.24)
and for the terms quadratic in M , we find:
TrR3R5 → 0, Tr(RR5)2 → − 1
p8
H(M, M¯),
TrR2R25 = TrR5R2R5 →
1
p8
1
2
[
F (M, M¯)− F (M¯,M)
]
=
1
p4
(T ′′4 + T
′′′
4 ) ,
TrRR35 = TrR5RR25 = TrR25RR5 →
1
p8
1
2
[
H(M,MI) +H(M¯,MI)
−F (M,MI)− F (M¯,MI) + F (MI , M¯) + F (MI ,M)
]
=
1
p4
(T ′′4 + T
′′′
4 )−
1
p8
1
2
H(M, M¯) = − 1
2p4
T4,
T ′′4 = Tr
([
{m¯, M˜µν} − {m, ˜¯Mµν}] [Jµ,Jν])
T ′′′4 =
2i
3
Tr
[(
{Mµρ, ˜¯Mµν} − {M¯µρ, M˜µν}) {J ρ,Jν}] . (3.25)
Then
T4 = −2 (T ′′4 + T ′′′4 ) +
1
p4
H(M, M¯) ≡ −2T ′′4 − t4
= −2T ′′4 −
8i
3
Tr
(
{J ρ,Mµρ}{Jν , ˜¯Mµν} − {J ρ, M¯µρ}{Jν , M˜µν}) .(3.26)
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To evaluate the cubic and quadratic terms, we use a shorthand notation
according to which the covariant derivatives imply the matrix products:
D±µJν ≡ [D±µ ,Jν], D±µM ≡ D±µM −MD∓µ , (3.27)
where here M is any mass matrix. Using the Dirac traces in (A.23), the first
identity in (B.12), and the additional identities
Tr ([A,B]C) = −Tr (A[B,C]) , Dµ(MM¯) = [d+µ ,MM¯ ], Dµ(M¯M) = [d−µ , M¯M ],
[d+µ ,MMI ] = (DµM)MI +MD
−
µMI , [d
−
µ , M¯MI ] = (DµM¯)MI + M¯D
+
µMI ,
Tr ({A,B}CD) = Tr (B{A,CD}) = Tr (B{A,C}D)− Tr (BC[A,D]) , (3.28)
together with the facts [see (A.23)] that Tr (σ · Aγµσ ·Bγν) and Tr (σ · Aγµσ · Bγνγ5)
are symmetric in {µ, ν}, and that [Lµ,Jν ] = 0, we obtain
TrR2R5 → 1
p4
Tr
{
− 2iX˜µν− (M, M¯)D˜+µJν − 2iX˜µν− (M¯,M)D˜−µJν − L(M, M¯ )
+
[
X˜µν− (MI , M¯)− X˜µν− (M,MI) + X˜µν+ (M,MI)
]
G˜+µν
+
[
X˜µν− (MI ,M)− X˜µν− (M¯,MI) + X˜µν+ (M¯,MI)
]
G˜−µν
+
4
3
[
X+(M, M¯) +X−(M¯,M)
]
+ 2
(
m¯Mµν −mM¯µν
)
Lˆµν
−Lˆµν
[
Xµν− (MI ,M) +X
µν
− (MI , M¯)
] }
,
TrRR25 + TrR5RR5 →
1
p4
Tr
{
− 4i
[
X˜µν− (MI , M¯)− X˜µν− (M,MI)
]
D˜+µJν
+4i
[
X˜µν− (MI ,M)− X˜µν− (M¯,MI)
]
D˜−µJν − 2L(M¯,MI) + 2L(MI ,M)
−8
3
[
X+(M,MI) +X
−(MI ,M)−X+(MI , M¯)−X−(M¯,MI)
]
+
[
X˜µν+ (MI ,MI)− 2X˜µν− (MI ,MI)
] (
G˜+µν − G˜−µν
) }
,
TrR35 →
1
p4
Tr
{
6iX˜µν− (MI ,MI)
(
D˜+µJν + D˜−µJν
)
−4
[
X+(MI ,MI) +X
−(MI ,MI)
]
+ 3L(MI ,MI)
}
, (3.29)
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where
X±(M1,M2) =
(
D˜±ρ M
µρ
1 M˜
2
µν − D˜±ρ M˜µρ1 M2µν + M˜1µνD˜∓ρ Mµρ2 −M1µνD˜∓ρ M˜µρ2
)
J ν ,
Xµν± (M1,M2) = M
µν
1 m2 ±m1Mµν2 X˜µν± =
1
2
ǫµνρσX˜±ρσ,
L(M1,M2) = 2{Lµ, m1}{Jν, m2}+ 4
3
{Lµ,Mµν1 }{Jν,M2µν}
+
8
3
(
{Lµ,Mµρ1 }{J ν ,M2ρν}+ {Lν ,Mµρ1 }{Jµ,M2ρν}
)
. (3.30)
Again, the traces on the right are over internal indices only. Here and
throughout the remainder of this section, G˜±µν is understood as one fourth
of the Dirac trace of [D˜±µ , D˜
±
ν ], and has no contribution from the spin con-
nection, and the derivative operators D˜µ are understood to operate only on
the object to their immediate right. The expressions (3.30) can be simplified
further using the relations
Xµν
(
D˜+µJν + D˜−µJν
)
=
i
2
Xµν
(
G˜+µν − G˜−µν
)
,
Xµν
(
D˜+µJν − D˜−µJν
)
= −2iXµν [Jµ,Jν ],
{Jµ,M} = i
2
(
D˜+µM − D˜−µM
)
, (3.31)
that follow from the definitions (3.10) and (3.27). Defining
X1 = Tr
[
X+(M, M¯) +X−(M¯,M)
]
,
X2 = Tr
[
X+(MI ,MI) +X
−(MI ,MI)
]
= iTr
(
D˜+σM˜ IσµD˜
−
ρ M
ρµ
I − D˜+σM IσµD˜−ρ M˜ρµI
)
,
X3 = iTr
(
D˜σM˜σµD˜
−
ρ M
ρµ
I − D˜σMσµD˜−ρ M˜ρµI − D˜+σM˜ IσµD˜ρM¯ρµ + D˜+σM IσµD˜ρ ˜¯Mρµ) ,
X4 = Tr
[
X+(M,MI) +X
−(MI ,M)−X+(MI , M¯)−X−(M¯,MI)
]
= −X1 +X3 − iTr
(
D˜σMσµD˜ρ
˜¯Mρµ − D˜σM¯σµD˜ρM˜ρµ) , (3.32)
where we dropped total derivatives, we obtain
T3 = Tr
(
R2R5 −RR25 −R5RR5 +
4
3
R35
)
→ 1
p4
(
4
3
X3 − 8
3
X2 + t4 + 2T
′′
4
)
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− 4i
3p4
Tr
(
D˜σMσµD˜ρ
˜¯Mρµ − D˜σM¯σµD˜ρM˜ρµ)
+
1
p4
Tr
{
X˜µν− (M, M¯)G˜
+
µν − X˜µν− (M¯,M)G˜−µν + 2
(
m¯Mµν −mM¯µν
)
−
[
Xµν− (MI ,M) +X
µν
− (MI , M¯)
]
Lˆµν + X˜
µν
+ (MI ,MI)
(
G˜+µν − G˜−µν
)
−
[
X˜µν+ (M,MI)G˜
+
µν + X˜
µν
+ (M¯,MI)G˜
−
µν
]
− L(M, M¯)
}
, (3.33)
where t4, T
′′
4 are defined in (3.25–26), and
t4 =
4
3
X4 − 8
3
X2. (3.34)
Finally, to obtain the logarithmically divergent parts of TrRR5 and TrR25,
we use (3.15–17), giving
TrR25 →
8
3p4
X2 − 2
p4
L(MI ,MI) +
1
p4
X˜µν+ (MI ,MI)
(
G˜+µν − G˜−µν
)
,
TrRR5 → 4
3p4
X3 +
4i
3p4
Tr
(
{Lσ,Mσµ}{Lρ, ˜¯Mρµ} − {Lσ, M¯σµ}{Lρ, M˜ρµ})
− 1
p4
Tr
[
i
(
{Lρ, m}D˜ρm¯− D˜ρm{Lρ, m¯}
)
+ L(M, M¯) + 2L(MI ,MI)
]
− 2i
3p4
Tr
(
{Lρ,Mσµ}D˜ρM¯σµ − D˜ρMσµ{Lρ, M¯σµ}
)
+
8i
3p4
Tr
(
{Lσ,Mσµ}D˜ρM¯ρµ − D˜σMσµ{Lρ, M¯ρµ}
)
− 4i
3p4
Tr
(
Lˆ ρσ {Mσµ, M¯ρµ}
)
− 1
p4
Tr
(
Lˆµν
[
Xµν− (M,MI) +X
µν
− (M¯,MI)
])
+
1
p4
Tr
[
X˜µν+ (M,MI)G˜
+
µν + X˜
µν
+ (M¯,MI)G˜
−
µν
]
+
i
p4
rµνTr
(
M˜νρM¯µρ −Mνρ ˜¯Mµρ)+ total derivative. (3.35)
Inserting these results in (3.7) gives
− i
2
T− = g
1
2
ln Λ2
32π2
(
T ′4 + T4 + T3 − TrRR5 + TrR25
)
= g
1
2
ln Λ2
32π2
Tr
{
T ′4 +
[
X˜µν− (M, M¯)G˜
+
µν − X˜µν− (M¯,M)G˜−µν
]
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−4i
3
(
D˜σMσµD˜ρ
˜¯Mρµ − D˜σM¯σµD˜ρM˜ρµ)− irµν (M˜νρM¯µρ −Mνρ ˜¯Mµρ)
+[Lˆµν , m¯]M
µν − [Lˆµν , m]M¯µν + i
(
{Lρ, m}D˜ρm¯− D˜ρm{Lρ, m¯}
)
−4i
3
(
{Lσ,Mσµ}{Lρ, ˜¯Mρµ} − {Lσ, M¯σµ}{Lρ, M˜ρµ})
−8i
3
(
{Lσ,Mσµ}D˜ρM¯ρµ − D˜σMσµ{Lρ, M¯ρµ}
)
+
2i
3
[
Lρ
(
{Mσµ, D˜ρM¯σµ} − {D˜ρMσµ, M¯σµ}
)
+ 2Lˆµν{Mµρ, M¯νρ}
] }
. (3.36)
To evaluate (3.36), we note that the connection is block diagonal in the
χ-λ-α sector, and the axial part is diagonal in the λ and α sectors, with
Jλλ = −Jαα. Using the reality and symmetry properties of the off-diagonal
λ-α masses:
mλα = −m¯λα = mTλα, Mµνλα = M¯µνλα = − (Mµνλα)T , (3.37)
it is easy to see that there is no contribution that involves only these masses.
For the off-diagonal λ-χ masses:
mλχ = m
T
λχ, M˜
µν
λχ = iM
µν
λχ ,
˜¯Mµνλχ = −iM¯µνλχ , Mµνλχ = − (Mµνλχ)T ,
MµνλχM¯
λχ
µν = M˜
µν
λχM¯
λχ
µν = 0,
(
MµνM¯ρν
)a
a
=
(
MρνM¯
µν
)a
a
. (3.38)
It follows from these relations that the last line in (3.36) vanishes.
Using the fermion matrix elements given in Appendix C.2, we obtain
the nonvanishing contributions to T− listed in Appendices C.3–8. Note that
these expressions are fully covariant, although the expansion (3.7) of T− is
not. This noncovariance is necessarily the case since T− contains the chiral
anomaly that breaks classical Ka¨hler invariance. However, the logarithmi-
cally divergent contributions are Ka¨hler invariant, up to a possible depen-
dence of the effective cut-off on the Ka¨hler potential [12], [3], [13].
The ghostino determinant also contains helicity-odd contributions, but
since it has the same form [4] as that of a four-component scalar, its evalua-
tion is straightforward; the result is given in Appendix C.7.
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4. The One-Loop Effective Action
The quantum action obtained by the prescriptions defined in I (see section
2 of that paper) and in Section 2 above takes the form
Lq = −1
2
ΦTZΦ
(
Dˆ2 +HΦ
)
Φ+
1
2
Θ¯ZΘ (i 6D −MΘ)Θ + Lgh + LGh. (4.1)
The last two terms are the ghost and ghostino terms, respectively, Φ =
(hµν , Aˆa, zˆi, zˆm¯) is a 2N + 4NG + 10 component scalar, Θ = (ψµ, λa, χI =
Lχi + Rχı¯, α) is an N + NG + 5 component Majorana fermion, where N is
the number of chiral multiplets, NG is the number of gauge multiplets, and
the matrix valued metrics ZΦ and ZΘ are defined in Appendix B of I and in
Appendices C.1 and C.2 below. As in I we set background fermion fields to
zero, so ψµ, λ
a, χI are the quantum gravitino, gaugino and chiral fermions,
respectively, and α is the auxiliary field introduced to implement the gravitino
gauge fixing condition [4]. The matrix-valued covariant derivative Dµ is
defined as in Appendix A of I, and Dˆµ includes additional terms in the
connections that are given in (2.11,17) above.
The one-loop contribution to the effective action is
L1 = i
2
Tr ln(Dˆ2 +HΦ)− i
2
Tr ln(−i 6D +MΘ)
+iTr ln(D2 +HGh)− iTr ln(Dˆ2 +Hgh). (4.2)
The general results obtained in [15], [8], [5], [22] give for the bosonic deter-
minant:
i
2
Tr ln(Dˆ2 +HΦ) =
√
g
{
Λ2
32π2
Tr
(
1
6
r −HΦ
)
+
lnΛ2
32π2
Tr
(
1
2
H2Φ −
1
6
rHΦ +
1
12
GˆΦµνGˆ
µν
Φ +
1
120
[
r2 + 2rµνrµν
])}
,
(4.3)
and for the fermionic determinant we have
− i
2
Tr ln(−i 6D +MΘ) = − i
2
(T+ + T−) = − i
8
Tr ln[Dˆ2 +HΘ]− i
2
T−, (4.4)
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where in (4.4) Dˆµ and HΘ are the 8 × 8 matrices defined in (2.14–17). The
helicity-averaged part, T+, of the fermion trace is −14 times (4.3) with the
substitutions HΦ → HΘ, GˆΦµν → GˆΘµν and the trace includes a trace over
Dirac indices, so
1
4
(Tr 1)Θ = (Tr 1)Φ − 2NG = 2N + 2NG + 10.
Similarly, the ghost and ghostino contributions are equivalent to, respectively,
−2 times the contribution of a (4 +NG)-component scalar and +2 times the
contribution of a four-component scalar. For bosons, HΦ and Dˆµ are defined
in Section 2; the matrix elements of H and of
Gˆµν = [Dˆµ, Dˆν ], (4.5)
are given in Appendix C, and the helicity-odd contribution, T−, of the fermion
determinant that was evaluated in Section 3, Eq. (3.6) is given in (C.36). The
traces in (4.3–4.4) are given explicitly in Appendix C below and in Appendix
B of I. Here we list only the contributions involving background Yang-Mills
fields and/or integration over the quantum Yang-Mills supermultiplet that
were omitted in I.
If L(g,K) is the standard Lagrangian [10], [20] for N = 1 supergravity
coupled to matter with space-time metric gµν , Ka¨hler potential K, and gauge
kinetic normalization function fab = δab(x + iy), then the logarithmically
divergent part of the one-loop corrected Lagrangian is
Leff = L (gR, KR)+L0+lnΛ
2
32π2
(
XABLALB +XALA
)
+
√
g
ln Λ2
32π2
(L+NGLg) ,
(4.6)
where the classical Lagrangian L(g,K) is given in Appendix C below (see
footnote 1), L0 is the one loop correction found6 in I after renormalization
6The last five lines of (3.6) in I should read:
− 4 (Dµz¯m¯DµziKim¯)2 + (N
3
− 7
)
DµzjDµziDν z¯m¯Dν z¯n¯Kin¯Kjm¯
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of g,K [see Eq.(3.6) of I], and
L =
[
Wab
(
3CGδab −Di(Tbz)jDj(Taz)i
)
+ h.c.
]
− 24e−Kaa¯D
+
N + 5
6
[(
Wab +Wab
)
DaDb − x
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
DνziDµz¯m¯Kim¯
]
+
N + 5
3
[
x2WabWab + 2D2 −D
(
Kim¯DρziDρz¯m¯ + 2Vˆ + 4DM2ψ
)]
+14x2WabWab + 12
(
Wab +Wab
)
DaDb + 22D2 + 2D
(
11Vˆ + 8Kim¯DρziDρz¯m¯
)
+x
(
W +W
) (
Kim¯DρziDρz¯m¯ − 2M2λ − 2V
)
+ 4D
(
27M2ψ + 7M
2
λ
)
−26iDµzjDν z¯m¯Kim¯DaF µνa +
2
x
DµziDµz¯m¯Rn¯im¯jDaDj(T az¯)n¯
+
2
x
Dae−KRk jn iAkA¯nDj(T az)i +
e−K
x
Da
[
(T az)iR j ki ℓ A¯
ℓAjk + h.c.
]
+2iF aµνDj(Taz)
iRjim¯kDµzkDν z¯m¯ +
4
3
De−KRijAiA¯j +
4
3
DDµziDµz¯m¯Rim¯
+
Di(Taz)
i
6x
[
4Da
(
DµzjDµz¯m¯Kjm¯ + Vˆ + 3M2ψ − 2D
)
+ 13iF aµνKm¯jDµzjDν z¯m¯
]
+
1
2
(
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x2
+ ρiρi
)
D (∂µx∂µx+ ∂µy∂µy)−
(
11
x2
+ 3ρiρi
)
∂µy∂νxDaF µνa
− 1
4x
(
1 + 3x2ρiρi
)
(∂ρx∂
νx+ ∂ρy∂
νy)
(
F aµν + iF˜
a
µν
) (
F µρa − iF˜ µρa
)
−5
{[
i
x
(
F νµa − iF˜ νµa
)
+
gνµ
x2
Da
]
(∂νx+ i∂νy)Kim¯(T
az)iDµz¯m¯ + h.c.
}
−ρiρi
{[
ix
(
F νµa − iF˜ νµa
)
+ gνµDa
]
(∂νx+ i∂νy)Kim¯(T
az)iDµz¯m¯ + h.c.
}
+2ix2ρiρiDµzjDν z¯m¯Kim¯DaF µνa + 2x2ρiρiD
[
8M2ψ +M
2
λ + 2Vˆ − 2e−Kaa¯
]
−x2ρiρi
[
2x2WabWab
(
1− x2ρiρi
)
− 4x
(
W +W
)
D +
(
Wab +Wab
)
DaDb + 2D2
]
+
2
3
Dµz¯m¯DµziDν z¯n¯DνzjKin¯Kjm¯ − 2
3
DρziDρz¯m¯Kim¯DµzjDµz¯n¯Rjn¯
+ DµzjDµz¯m¯Rkjm¯iDνzℓDν z¯n¯Riℓn¯k +DµzjDµziRk ℓj iDν z¯n¯Dν z¯m¯Rn¯km¯ℓ
+
1
3
DµziDν z¯m¯Kim¯Rjn¯
(DµzjDν z¯n¯ −DνzjDµz¯n¯)
+ DµzjDν z¯m¯Rkim¯jDµzℓDν z¯n¯Rikn¯ℓ −DµzjDν z¯m¯Rkim¯jDνzℓDµz¯n¯Rikn¯ℓ + 4
(LiA¯iAe−K + h.c.) .
24
+
x3
2
ρiρ
i
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
DνziDµz¯m¯Kim¯ + 2x2ρiρiDDµziDµz¯m¯Kim¯
+2x
[
4ρij(T
az)i(T bz)jWab + iDν z¯m¯(T az)iρm¯ij
(
F µνa − iF˜ µνa
)
Dµzj + h.c.
]
+
{
ρijDµzj
[
2
x
(∂µx− i∂µy) (T az)iDa − f¯
i
2
W (∂µx+ i∂µy)
]
+ h.c.
}
+
{
W
[
2x3ρiρiM
2
λ + f¯
iai(a¯− A¯)e−K − x2ρij
(
AjikA¯
k − AijA¯
)
e−K
]
+ h.c.
}
+
{(
e−KA¯jAm¯ +DµzjDµz¯m¯
) [
4ρm¯ij(T
az)iDa −
(
ρm¯ij +
f¯m¯
x
ρij
)
f¯ iD
]
+ h.c.
}
− i
2
Kim¯
[
Dν z¯m¯(Taz)i −Dνzi(Taz¯)m¯
] [
f¯ iρijDρzj
(
F aρν − iF˜ aρν
)
+ h.c.
]
+
Da
2x
[
Kkm¯(T
az)kDµz¯m¯ + i
2
(∂νx+ i∂νy)
(
F νµ − iF˜ νµ
)
+ h.c.
] (
ρijDµzif¯ j + h.c.
)
−
[
Wabρijf i(Taz)jDb + x2DρziDρzj
(
2ρijW −Rn¯im¯jρm¯n¯W
)
+ h.c.
]
+2x2ρijρ
j
m¯DDρziDρz¯m¯ + x4ρijρijWW , (4.7)
Lg = x
6
(
ρiρi
)2WW − 2M4λ + 3M4ψ − 2M2ψM2λ + Vˆ 2 +D2 + 6e−Kaa¯M2ψ
+2Vˆ
(
2M2ψ −M2λ + e−Kaa¯
)
− e−K
(
a¯iAi + h.c.
) (
Vˆ +M2ψ
)
+e−2KaiA¯
ia¯jAj − 2e−2K
(
a¯iAiaA¯ + h.c.
)
+ x2ρijDµziDµzjρn¯m¯Dν z¯m¯Dν z¯n
+e−KDµziDµz¯m¯
[
(ai − Ai)
(
a¯m¯ − A¯m¯
)
+ x2ρikA¯
kρjm¯Aj +
f¯m¯fi
4x2
aa¯
]
+e−K
{
DµziDµzj
[
(ai −Ai)
(
fj
2x
a¯− xρjnA¯n
)
− fj
2x
aiA¯− fi (a− A) ρjkA¯k
]
+ h.c.
}
+
e−K
2x
{
DµziDµz¯m¯f¯m¯
[
2a¯ai − xρik(a− A)A¯k
]
+
fifj
2x
DµziDµzj a¯(2a− A) + h.c.
}
+x
(
ρijDµziDµzj + h.c.
) (
M2ψ − Vˆ
)
+ e−K
[
xρijDµziDµzj
(
akA¯
k − 2A¯a
)
+ h.c.
]
+
1
16x4
|(∂µx+ i∂µy) (∂µx+ i∂µy)|2 − x3ρiρi
(
W +W
) (
M2ψ + Vˆ
)
+x3ρkρk
[
W
(
xρijDµziDµzj + e−KAia¯i − 2e−K a¯A
)
+ h.c.
]
+
1
6
Kim¯Kjn¯
(
4DµziDµzjDν z¯m¯Dν z¯n¯ +DµziDµz¯n¯Dν z¯m¯Dνzj
)
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−1
3
(
DµziDµz¯m¯Kim¯
)2
+ x2WabWab + 1
2
(
Wab +Wab
)
DaDb
−1
3
V 2 +
1
3
M2λ
(
DµziDµz¯m¯Kim¯ − 2V
)
−
(
∂µx∂
νx+ ∂µy∂
νy
x2
)
Kim¯DνziDµz¯m¯
+
1
3
VDµziDµz¯m¯Kim¯ +
(
∂νx∂
νx
6x2
+
∂νy∂
νy
6x2
)(
2DµziDµz¯m¯Kim¯ − V
)
+
(
F aρµ + iF˜
a
ρµ
) (
F ρνa − iF˜ ρνa
) (∂µx∂νx+ ∂µy∂νy
4x
− x
2
Kim¯DνziDµz¯m¯
)
. (4.8)
Our notation is defined in Appendix B below. Here W =Waa , where
Wab =
1
4
(
F aµνF
µν
b − iF aµνF˜ µνb
)
− 1
2x2
DaDb (4.9)
is the bosonic part of the F -component of the composite chiral supermultiplet
constructed from the Yang-Mills chiral superfield W a(θ) = λaL + O(θ). The
renormalized Ka¨hler potential is
KR = K +
lnΛ2
32π2
[
e−K
(
AijA¯
ij − 2AiA¯i − 4AA¯
)
− 4Kaa −
(
12 + 4x2ρiρ
i
)
D
]
,
(4.10)
and the renormalized space-time metric is given by
gµν = (1− ǫ)gRµν + ǫµν ,
ǫ = ǫ0 − ln Λ
2
32π2
[
NG
6
(r + V ) +
55−N
6
D + 2x2ρiρiD + 2
3x
DaDi(T az)i + NG
3
M2λ
]
,
ǫµν = ǫ
0
µν +
lnΛ2
32π2
NG
2
(
rµν − 1
2
rgµν
)
− gµνNG
6x2
(
∂ρx∂
ρx+ ∂ρy∂
ρy −DµziDµz¯m¯Kim¯
)
+NG
[
2
∇µ∂νx
x
− ∂µx∂νx
x2
+
∂µy∂νy
x2
− 1
2
(
DµziDν z¯m¯ +DνziDµz¯m¯
)
Kim¯
]
−gµνxF aρσF ρσa
(
N + 17
24
+
NG
8
− x
2ρiρ
i
4
)
+xF aµρF
ρ
aν
(
N + 29
6
+
NG
2
− x2ρiρi
)
(4.11)
where the superscript 0 refers to the result of I. The terms in (4.6) propor-
tional to LA can be removed by field redefinitions:
φA → φAR = φA −
ln Λ2
32π2
(
XA +
1
2
XABLB
)
, (4.12)
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with
Xim¯ =
NG
4x2
√
g
fifm¯, Xaµ,bν = − 1
x
√
g
(
7 + x2ρiρ
i
)
δabgµν ,
X i = (X ı¯)
∗
= 4e−KA¯iA+
2
x
(
2 + x2ρjρj
)
Da(T az)i
−4xDρi − 2ρim¯(Taz¯)m¯Da −NG
∂µx
x
Dµzi
+NG
f¯ i
2x
[
x3ρjρjW + xρjkDµzjDµzk + e−K
(
a¯jAj − 2a¯A
)
− Vˆ −M2ψ
]
,
Xµa =
i
x
(
16 + 2x2ρiρi
)
Kim¯
[
(Taz)
iDµz¯m¯ − (Taz¯)m¯Dµzi
]
+xρiρ
i
(
∂ρxFaρµ + ∂
ρyF˜aρµ
)
+ 3
∂ρy
x
F˜aρµ +
∂ρx
x
(7−NG)Faρµ
+
1
2
[(
Faρµ − iF˜aρµ
)
Dρziρij f¯ j + h.c.
]
−
(
5 + x2ρiρi
) ∂µy
x2
Da. (4.13)
The terms in (4.7–8) of the form g(z, z¯)WW are the bosonic part of the
effective Lagrangian (in the notation of [20])
L|W |4 =
∫
d4θEg(Z, Z¯)|WW |2. (4.14)
It should be possible to write the remaining terms in superfield form7 [up
to total derivatives and field redefinitions of the form (4.11-13)], and thus
to extract the fermionic part of the Lagrangian for these higher dimension
operators. However, there may be additional fermionic terms, e.g, those of
the form [23]
LW 2n =
∫
d4θEg(Z, Z¯)(WW )n>1 + h.c., (4.15)
that cannot be obtained in this way, as they have no purely bosonic compo-
nents. The determination of such terms requires retaining fermionic back-
ground fields [24], [8], [16].
7 Note that F i = −e−K/2A¯i and M = −3e−K/2A are the bosonic parts of auxiliary
fields of the chiral superfield Zi and the gravity superfield, respectively. It is easy to show
that calculating the one loop corrections before or after elimination of the auxiliary fields
in terms of their classical solutions gives the same result to the loop order considered. Our
results are expressed in terms of these auxiliary fields in [30].
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Notice that the coefficient of ln Λ2F µνFµν is not a holomorphic function,
except in the limits of a flat Ka¨hler metric (Di → ∂i) and flat space-time
(MP l → ∞, in which case operators of dimension greater than four are
suppressed). This nonholomorphicity is distinct from from the holomorphic
anomaly [1, 25] that arises from the field-dependence of the infrared regulator
masses. In other words, when the Ka¨hler and/or space-time metric is not
flat, there are corrections that correspond to D-terms as well as the usual
F-terms.
The quadratically divergent contributions to the one-loop Lagrangian are
given by (C.33–C.35). The Pauli-Villars regularization of these terms was
given in [13]; they contribute additional renormalizations of the metric and
the Ka¨hler potential that are determined by the field-dependent squared
masses of the Pauli-Villars regulator fields that play the role of effective cut-
offs. The field dependence of the effective cut-offs in the logarithmically
divergent contribution to the renormalized Ka¨hler potential will generate
additional terms in the effective Lagrangian proportional to
DI ln Λ
2 = 2
DIΛ
Λ
, I = i, ı¯,
that do not grow with the cut-off, and therefore have to be considered to-
gether with the finite terms that we have not evaluated here.
5. The String Dilaton
In effective supergravity from superstring theory, the classical Ka¨hler po-
tential K(z, z¯), superpotential W (z) and Yang-Mills normalization function
fab(z) take the forms
K(z, z¯) = − ln(s+ s¯) +G(yi, y¯m¯), W (z) =W (yi),
fab(z) = δabkas, y
i, y¯m¯ 6= s. (5.1)
Although we have restricted our analysis to the case fab = δabf , it is equally
applicable to the case fab = δabkaf, ka = constant, provided we make the sub-
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stitutions F aµν → k
1
2
a F aµν , A
a
µ → k
1
2
aAaµ, T
a → k−
1
2
a T a, cabc → k−
1
2
a cabc, (cabc 6=
0 only if ka = kb = kc) in all the relevant equations. Our results are therefore
applicable to all known effective tree Lagrangians from superstrings, includ-
ing those where the integers ka ≥ 1 correspond to higher affine levels [11].
In this case the operators a, ρij, 1 − x2ρiρi, and their covariant derivatives
vanish identically. In particular M2λ = M
2
ψ ≡ M2, and (4.6) reduces to
Leff = L (gR, KR) + L0 + lnΛ
2
32π2
(
XABLALB +XALA
)
+
√
g
lnΛ2
32π2
(L+NGLg) ,
L =
(
Wab +Wab
) (
3CGδab −Di(Tbz)jDj(Taz)i
)
+ 2D
(
13Vˆ + 9Kim¯DµziDµz¯m¯
)
+
N + 5
12
[
(s+ s¯)2WabWab + 2
(
Wab +Wab
)
DaDb + 8D2 − 8
(
Vˆ + 2M2
)
D
]
−N + 5
12
[
(s+ s¯)
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
+ 4gνµD
]
DνziDµz¯m¯Kim¯
+
7
2
(s+ s¯)2WabWab + 11
(
Wab +Wab
)
DaDb + 20D2 + 154M2D
+
(s+ s¯)
2
(
W +W
) (
Kim¯DρziDρz¯m¯ − 2Vˆ + 2D
)
− 24iDµziDν z¯m¯Kim¯DaF µνa
+
(s+ s¯)
4
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
DνziDµz¯m¯Kim¯
+
Di(Taz)
i
3(s+ s¯)
[
4Da
(
Vˆ − 2D + 3M2 +Kjm¯DµzjDµz¯m¯
)
+ 13iF aµνKm¯jDµzjDν z¯m¯
]
−
(
4
3
DRim¯ + Da
(s+ s¯)
Rn¯im¯jD
j(T az¯)n¯
)(
e−KA¯iAm¯ +DµziDµz¯m¯
)
+2iF aµνDj(Taz)
iRjim¯kDµzkDν z¯m¯ +
2e−K
(s+ s¯)
Da
[
(T az)iR j ki ℓ A¯
ℓAjk + h.c.
]
− 12
s+ s¯
{[
i∂νs
(
F νµa − iF˜ νµa
)
+
2∂µs
s+ s¯
Da
]
Dµz¯m¯Kim¯(T az)i + h.c.
}
−2∂ρs∂
ν s¯
(s+ s¯)
(
F aµν + iF˜
a
µν
) (
F µρa − iF˜ µρa
)
+ 40
∂µs∂
µs¯
(s+ s¯)2
D + 28i ∂µs∂ν s¯
(s+ s¯)2
DaF µνa ,
Lg =
(s+ s¯)2
4
(
WabWab +WW
)
− s+ s¯
2
(
W +W
) (
M2 + Vˆ
)
+D2
+
1
2
(
Wab +Wab
)
DaDb − 2
(
D + 1
3
V
)
M2 +
1
3
(
M2 + V
)
DµziDµz¯m¯Kim¯
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−1
3
V 2 +
1
6
Kim¯Kjn¯
(
4DµziDµzjDν z¯m¯Dν z¯n¯ +DµziDµz¯n¯Dν z¯m¯Dνzj
)
−1
3
Kim¯Kjn¯DµziDµz¯m¯DνzjDν z¯n¯ + 2
3
(
2Kim¯DµziDµz¯m¯ − V
) ∂νs∂ν s¯
(s+ s¯)2
+
∂µs∂
µs∂ν s¯∂
ν s¯
(s+ s¯)4
− 2∂µs∂ν s¯
(s+ s¯)2
Kim¯
(
DµziDν z¯m¯ +Dµz¯m¯Dνzi
)
+
(
F aρµ + iF˜
a
ρµ
) (
F ρνa − iF˜ ρνa
)( ∂νs∂µs¯
2(s+ s¯)
− s+ s¯
4
Kim¯DνziDµz¯m¯
)
, (5.2)
with, instead of (4.10),
KR = K +
lnΛ2
32π2
(
e−K
[
AijA¯
ij − 2AiA¯i + (NG − 4)AA¯
]
− 4Kaa − 16D
)
.
(5.3)
Here we have considered only the standard chiral multiplet formulation
of supergravity. Their is reason to believe [2], [3], [26] that the dilaton in
the effective field theory from superstrings should be described, in fact, by
a linear multiplet, which is dual to the chiral multiple used here. It has
been shown [27] that a variety of classically dual theories remain equiva-
lent at the quantum level. In [13] it was observed that once the ambiguous
matrix elements (3.9) have been fixed in a supersymmetric way that admits
Pauli-Villars regularization, the axion y of the dilaton supermultiplet appears
only through its dual hνρσ = ǫνρσµ∂µy/4x
2. This suggests that the properly
regulated chiral supergravity theory also remains equivalent to the linear
multiplet version for the dilaton at the quantum level. Some loop corrections
using the linear multiple formulation have been carried out in [28].
As shown in I, further simplifications occur8 in specific models, such as the
8 The four-derivative terms of (4.4) of I should read:
−4 (Dµz¯m¯DµziKim¯)2 + (N
3
− 7
)
DµzjDµziDν z¯m¯Dν z¯n¯Kin¯Kjm¯
+
2
3
Dµz¯m¯DµziDν z¯n¯DνzjKin¯Kjm¯ − 2
3
DρziDρz¯m¯Kim¯
∑
α
(Nα + 1)DµzjDµz¯n¯Kαjn¯
+
1
3
DµziDν z¯m¯Kim¯
∑
α
(Nα + 1)K
α
jn¯
(DµzjDν z¯n¯ −DνzjDµz¯n¯)
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untwisted sectors from orbifold compactifications where the scalar Riemann
tensor is covariantly constant and the Ricci tensor is proportional to the
Ka¨hler metric for each untwisted sector.
6. Conclusions
In this paper we have completed the results of I by including the gauge
sector. The complete divergent part of the one-loop Lagrangian, obtained
from the results of this paper and from I, will be presented elsewhere in a
short communication [30].
Some comments on the implications and applications of our results are
in order. It has already been shown [13] that, using the gauge fixing and
expansion procedures defined here, the one-loop quadratic divergences, as
well as the logarithmic divergences in the flat space limit and in the ab-
sence of a dilaton, can be regulated a` la Pauli-Villars. Regularization of
the full supergravity divergences without a dilaton are under study [18]. An
objective of this study is to determine the extent to which, in the string the-
ory context, a modular invariant regularization procedure can be achieved
that preserves the continuous SL(2, R) symmetry of the classical effective
Lagrangian. To obtain the full one-loop Lagrangian, including all finite con-
tributions, requires a resummation of the derivative expansion. A procedure
for resummation will be described elsewhere [18].
We have presented our results for one-loop corrections to the classical
general supergravity Lagrangian [10, 20] with at most two-derivative terms.
As seen in Section 5, the result simplifies considerably for the classical ef-
+
∑
α
[
(Nα + 1)
(DµziDµz¯m¯Kαim¯)2 + (Nα + 7)DµzjDµziDν z¯n¯Dν z¯m¯Kαim¯Kαjn¯
− (Nα + 1)Dµz¯m¯DµziDνzjDν z¯n¯Kαjm¯Kαin¯
]
.
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fective Lagrangian derived from string theory, due to the the absence of a
potential for the dilaton and the special form of its Ka¨hler potential. These
features are modified when the effective Lagrangian includes a nonperturba-
tively induced [31] superpotential for the dilaton and/or the Green-Schwarz
counterterm [2] that is necessary to restore modular invariance. The latter
term destroys the no-scale nature of Lagrangians from torus compactification
and the untwisted sector of orbifold compactification, and generally desta-
bilizes the effective scalar potential. However this term is of one-loop order
and therefore should be considered together with the full one-loop correc-
tions. An interesting question, that will be addressed elsewhere, is whether
these corrections can restabilize the potential.
An important unresolved issue in the construction of effective supergrav-
ity Lagrangians for gaugino condensation is the correct form of the kinetic
term for the composite chiral multiplet that represents the lightest bound
state of the confined Yang-Mills sector. It has recently been shown [32],
in the context of both the linear and chiral multiplet formulations for the
dilaton, that such terms can be generated by higher dimension operators.
The contribution (4.14) to the effective Lagrangian determines the leading
one-loop contribution to these operators; similar terms occur in string the-
ory [33]. This is one example of how the determination of loop corrections
can serve as guide to the construction of such an effective theory.
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A. Dirac algebra
We work in the Weyl representation for the Dirac matrices; for a flat
metric:
γ0 = γ
0 =
(
0 −1
−1 0
)
, γi = −γi =
(
0 σi
−σi 0
)
,
γ5 = iγ
0γ1γ2γ3 =
(
1 0
0 −1
)
, σµν =
i
2
[γµ, γν ]. (A.1)
To evaluate the fermion determinant, we note that an arbitrary 4× 4 Dirac
matrix M4 can be written as
M4 = RAR + LBL+RCL+ LDR, (A.2)
where A,B contain an even number of Dirac matrices γν, C,D contain an
odd number, A,B,C,D have no explicit γ5-dependence, and L =
1
2
(1 − γ5)
and R = 1
2
(1 + γ5) are the helicity projection operators. Then TrM4 =
TrRA + TrLB = TrM8, where M8 is the 8× 8 matrix
M8 =
(
RAR RCL
LDR LBL
)
, (A.3)
and Trf(M4) = Trf(M8), where f is any function that can be expanded in
a Taylor series. Writing M4 ≡M4(γ5), we have
M4(−γ5) = RBR + LAL+RDL+ LCR,
1
2
[TrM4(γ5) + TrM4(−γ5)] = 1
2
(TrA+ TrB) =
1
2
Tr
(
A C
D B
)
. (A.4)
Similarly, if f is an arbitrary function ofM4,
1
2
{Trf [M4(γ5)] + Trf [M4(−γ5)]} = 1
2
Trf(P ), P =
(
A C
D B
)
. (A.5)
Setting M4 = −i 6D +MΘ, f(M4) = lnM4, (A.5) gives the trace T+ that
has been evaluated previously9 [4]–[8]. To evaluate the determinant T− we
9The contributions from the terms Mµνσ
µν were not fully included in [5].
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define
M4 = γ0 (−i 6D +MΘ) , (A.6)
which is a 4× 4 matrix in Dirac space that we write [5] in terms of the 2× 2
Pauli σ-matrices as
M4 = −
(
i\˜A C
D˜ i\B
)
, σµ± = (1,±~σ), σµν± =
i
2
(
σµ±σ
ν
∓ − σν±σµ∓
)
,
\˜A = σµ+d+µ = σµ+
[
D˜+µ − L˜µ (σ−, σ+)
]
,
\B = σµ−d−µ = σµ−
[
D˜−µ − L˜µ (σ+, σ−)
]
,
C = m+Mµνσ
µν
+ ≡M(σµν+ ), D˜ = m¯+ M¯µνσµν− ≡ M¯(σµν− )
L˜µ (σ−, σ+) =
Lµ
24
ǫλνρσσ
λ
−σ
ν
+σ
ρ
−σ
σ
+. (A.7)
The matrix elements inM4 are defined, up to the γ5 ambiguity noted in [13],
in terms of those appearing in the fermionic part of the action (4.1) by:
Dµ = D˜µ + iγ5Lµ = iD
+
µR + iD
−
µL, MΘ = M¯(σ
µν)R +M(σµν)L. (A.8)
The matrix-valued derivative operator D˜µ is defined in (A.12) of I, the addi-
tional gaugino connection Lµ is given in (C.19) below, and the elements of
the mass matrix MΘ = M¯R +ML are given in (2.16), (2.17), (A.11) and
(B.10) of I, together with (C.15) below. The tilde operation on \A, \B,C,D
amounts to the interchange σ+ ↔ σ−. Thus
6AL =
(
0 −\A
0 0
)
, 6AR =
(
0 0
−\˜A 0
)
,
\A\˜A = R
(
6D˜+ − 6L
24
ǫλνρσγ
λγνγργσ
)2
R = R 6D2R,
\˜B\B = L
(
6D˜− − 6L
24
ǫλνρσγ
λγνγργσ
)2
L = L 6D2L, (A.9)
where the appropriate zero’s in the transition from 2 × 2 to 4 × 4 matrices
is implicit in the last two lines. More, generally, products of σµ± can be
34
converted into products of γµ by
(σ+σ−)
n σ+ → −Lγ2n+1R, (σ−σ+)n σ− → −Rγ2n+1L,
(σ+σ−)
n → Lγ2nL, (σ−σ+)n → Rγ2nR. (A.10)
Then defining
S± =
1
2
[Tr lnM4(M,~σ)± Tr lnM4(−M,−~σ)] ,
M4(−M,−~σ) = −
(
i\A −C˜
−D i\˜B
)
=M4(−M,−γ5)γ0, (A.11)
(A.9–10) immediately gives:
S+ =
1
2
Tr ln [M4(−M,−~σ)M4(M,~σ)]
=
1
2
Tr ln
( −R[6D2+ +MM¯ ]R −R[i 6D+M −Mi 6D−]L
−L[i 6D−M¯ − M¯i 6D+]R −L[6D2− + M¯M ]L
)
=
1
2
Tr ln
(
− 6D2 −M2Θ + i[6D,MΘ]
)
=
1
2
Tr ln
(
−Dˆ2 −H2Θ
)
. (A.12)
where Dˆ = DˆΘ and HΘ are defined in (2.17) Although the matrix in (A.12)
is 8× 8, the helicity projection operators L,R project out half the elements,
so the counting of states is unchanged when we take the Dirac trace. Since
Tr lnM(M) = Tr lnM(−M), we have10 S± = T±, and (A.12) is equivalent
to (A.5), up to the ambiguity described in [13]: terms even and odd in γ5
can be interchanged using γ5 = (i/24)ǫ
µνρσγµγνγργσ.
The next step is to cast S− = T− in the form of (3.3) and to take its Fourier
transform to obtain an expression of the form (3.4), but before performing
the p-integration we write
M−1[M(γ5)−M(−γ5)] =M−1M−10 M0[M(γ5)−M(−γ5)]
= 2
(
D2 − i
2
σµνG
µν + iDµM
µ
)−1
iDνN
ν , (A.13)
10In [5] it was incorrectly stated that S− = 0.
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where M0 is11 the matrix (A.11) with
C = D = 0, Aµ = D˜
+
µ + L˜µ (σ+, σ−) , Bµ = D˜
−
µ + L˜µ (σ−, σ+) ,
1
2
[M(γ5)−M(−γ5)] = −
( \˜J MI(σµν+ )
−MI(σµν− ) −\J
)
,
Jµ = i
2
(D+µ −D−µ ), MI =
1
2
(M − M¯), (A.14)
and
Nµ =
(−Rγµ 6JR RγµMIL
−LγµMIR Lγµ 6JL
)
, Mµ =
(
0 RγµML
LγµM¯R 0
)
. (A.15)
We then redefine the integrand by [15]
T (p, x)→ UT (p, x)U−1, U = exp
(
−id · ∂
∂p
)
exp
(
i∂ · ∂
∂p
)
, (A.16)
which leaves the (properly regulated) integral unchanged. In the absence
of background space-time curvature, the 8 × 8 matrix valued operator dµ is
simply
dµ = Dµ =
∂
∂xµ
+ aµ(x). (A.17)
In the presence of space-time curvature, one has to expand [8] the action at
x′ = x+ y in terms of normal coordinates, ξµ = yµ + 1
2
γµρν(x)y
ρyν +O(ξ3):
dµ =
∂
∂ξµ
+ aµ(x, ξ). (A.18)
where γµρν is the affine connection, and the full connection aµ(x, ξ) includes
terms that depend on the affine connection and its derivatives. The expansion
11It might seem more efficient to take insteadM0 =M4(−M,−~σ) but this form turns
out to introduce a spurious quadratic divergent term involvingMµν . To explicitly regulate
ultraviolet (or infrared) divergences, one should introduce a regulator mass matrix µ0 and
set M0 →M0 + µ0; see the discussion in Section 3.
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of (A.13) for this case is determined in [8]. We then obtain the expression
(3.4) with
T (p, x) = −1
2
Tr ln
[
1 + 2∆(x, p)p2R5(x, p)
]
,
∆−1 = −T µν∆µ∆ν + hˆ+X + (pν +Gν)PµνM̂µ,
∆µ = pµ +Gµ + δµ, −p2R5 = (pν +Gν)PµνNˆµ, h = − i
2
σµνG
µν
Gµ =
∑
m=0
m+ 1
(m+ 2)!
(
−iD · ∂
∂p
)m
Gνµ
∂
∂pν
, Gµν = [Dµ, Dν ],
Fˆ =
∞∑
0
(−i)n
n!
(
D · ∂
∂p
)n
F, F = h,Mµ, Nµ, D · ∂
∂p
X ≡ [Dµ, X ] ∂
∂pµ
,
P µνγν = P
µ = γµ − 1
6
rµρσνγν
∂2
∂pρ∂pσ
+O
(
∂3
∂p3
)
,
T µν = gµν − 1
3
rµρσν
∂2
∂pρ∂pσ
− i
6
∇λrµρσν ∂
3
∂pρ∂pσ∂pλ
+O
(
∂4
∂p4
)
,
X = −r
3
− i
3
∇µr ∂
∂pµ
+O
(
∂2
∂p
)
,
δµ =
i
9
(∇µrρν −∇νrρµ) ∂
2
∂pν∂pρ
+O
(
∂3
∂p3
)
, (A.19)
Finally we write ∆−1 = −p2(1 +R) and expand
∆ = (1 +R)−1(−p−2) = ∑
n=0
(−R)n(−p−2) (A.20)
to obtain the expression (3.8), where we have set µ0 = 0.
Once all these manipulations have been performed we can simplify the
expression for the fermion connection by using simply
D±µ = D˜
±
µ + iγ5Lµ. (A.21)
The point is that the part of the gaugino connection arising from the dilaton
has been included in the “vector” (J Vµ ):
∂µ + J Vµ =
1
2
(
D+µ +D
−
µ
)
=
1
2
(
D˜+µ + D˜
−
µ
)
+ iγ5Lµ, (A.22)
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rather than in the “axial vector” (Jµ) part of the connection.
We conclude this appendix by listing some Dirac traces that are useful in
the evaluation of T− and of the ghostino and fermion determinants:
Trγ5γ
µγνγργσ = −4iǫµνρσ , Trγ5σαβσµν = 4iǫαβµν , ǫ0123 = −g−1ǫ0123 = g− 12 ,
Tr(γ5γ
αγβγγγδγǫγζ) = −4i[ǫγδǫζgαβ + ǫαβγδgǫζ
+ǫαβǫγgδζ + ǫαβγζgδǫ + ǫαβδǫgγζ + ǫαβζδgγǫ + ǫαβǫζgγδ],
Tr(γ5σ
αβγγσδǫγζ) = 4i[ǫαβγδgǫζ + ǫαβǫγgδζ + ǫαβδǫgγζ + ǫαβζδgγǫ + ǫαβǫζgγδ],
Tr(γ5σ
αβσγδγǫγζ) = 4i[ǫαβγδgǫζ + ǫαβǫγgδζ + ǫαβγζgδǫ + ǫαβδǫgγζ + ǫαβζδgγǫ],
Trσρσσ
µνF ρσa F
b
µν = 8F
µν
a F
b
µν , TrσρσσµνσλτF
ρσ
a F
µν
b F
λτ
c = 32iF
µν
a FbµρF
ρ
c ν ,
Tr (σ · Aσ · Bσ · Cσ ·D) = 16 [AµνBρσCµνDρσ + (A ·B)(C ·D) + Aµν(B · C)Dµν ]
+64 (AµνBµρC
ρσDνσ −AµνBµρCνσDρσ − AµνBρσCµρDνσ) ,
Tr (γµσ · Aγνσ · B) = 8
(
gµνAρσB
ρσ + 2AµρB νρ + 2A
ν
ρ B
µρ
)
,
Tr (γµγνσ · Aσ · B) = 8
(
gµνAρσB
ρσ + 2AµρB νρ − 2A νρ Bµρ
)
,
Tr (Zµνγ
µσ · Aγνσ · Bγ5) = 8irµν
(
A˜νρBµρ − AνρB˜µρ
)
, (A.23)
where σ · A = σµνAµν , etc., and Zµν = 14γργσrρσνµ is the field strength
arising from the spin connection (note that γµγνZ
µν = 1
2
r). To evaluate the
last trace in (A.23) we used the relations (B.14) and (C.25).
B. Relations among operators
In this appendix we derive relations among the various operators that
appear in the traces needed to evaluate the one-loop effective action. We
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adopt the gauge sign conventions of [10], [29]:
Dµ = ∇µ + iAµ, Aµ = TaAaµ, T ı¯a¯ =
(
T iaj
)∗
,
Dµzi = ∂µzi + iAaµ(Taz)i, Dµz¯m¯ = ∂µz¯m¯ − iAaµ(Taz¯)m¯,
Fµν =
1
i
[Dµ,Dν ] = ∇µAν −∇νAµ + i[Aµ, Aν ],
F aµν = ∇µAaν −∇νAaµ − cabcAbµAcν . (B.1)
Our other conventions and notations are given in Appendix A of I.
We first consider constraints on covariant scalar derivatives that follow
from gauge invariance. We define
Kab = 1
x
Km¯j(Taz¯)
m¯(Tbz)
j , Da = Ki(Taz)i, D = 1
2x
DaDa,
fab(z) = δabf(z), f = x+ iy. (B.2)
The classical scalar potential is Vˆ + D, where Vˆ has been defined in I. It
follows from the gauge invariance of the Ka¨hler potential K that:
δaK = Ki(Taz)
i −Km¯(Taz¯)m¯ = 0, DiDjDa = Dm¯Dn¯Da = 0,
Kim¯Dn¯(Taz¯)
m¯ = Kjn¯Di(Taz)
j , Di(Taz¯)
m¯ = Dm¯(Taz)
i,
Kij(Taz)
j +Kj(Ta)
j
i = Kim¯(Taz¯)
m¯, DkDj(Taz)
i = −R ijm¯k (Taz¯)m¯, (B.3)
where Kij = ∂i∂jK = ∂iKj, and the second and third lines follow from
the first by taking successive scalar derivatives. Here ∂I = ∂/∂z
I , I =
i, ı¯, DI is the reparameterization covariant scalar derivative, and Rim¯jn¯ is
the Ka¨hler curvature tensor. Indices are lowered and raised, respectively,
with the Ka¨hler metric Kim¯ and its inverse K
im¯. Similarly, it follows from
the gauge invariance of f that
δaf = fi(Taz)
i = 0,
fij(Taz)
j f¯ i = −fiDj(Taz)if¯ j, fij(Taz)j(Tbz)i = −fi(Taz)jDj(Tbz)i,
fif¯m¯D
i(Taz¯)
m¯ = −f n¯f¯n¯m¯(Taz¯)m¯ = −f¯ ifij(Taz)j , fij = DiDjf, (B.4)
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and from the gauge invariance of the superpotential W that
Ai(Taz)
i = Am¯(Taz¯)
m¯ = DaA,
Aij(Taz)
i + AiDj(Taz)
i = DaAj +Kjm¯(Taz¯)m¯A,
Aijk(Taz)
i + AijDk(Taz)
i + AikDj(Taz)
i + AiDkDj(Taz)
i
= DaAjk +Kjm¯(Taz¯)m¯Ak +Kkm¯(Taz¯)m¯Aj. (B.5)
The tensors Ai1···in are reparameterization invariant covariant derivatives [4]
of A = eKW . Using (B.3) and the definitions (B.2) we obtain
Kab −Kba = i
x
cabcDc, Kab(Kab −Kba) = − 1
2x2
C
(a)
G DaDa, (B.6)
where C
(a)
G is the Casimir in the adjoint representation, cabc are the structure
constants of the gauge group, and
(Tbz)
iDi(Taz)
j = (Taz)
iDi(Tbz)
j + icabc(T
cz)j ,
DbKm¯j(Taz¯)m¯(T az)iDi(T bz)j = DbKm¯j(Taz¯)m¯(T bz)iDi(T az)j − 1
2
C
(a)
G DaDa.
(B.7)
Combining (B.3) and (B.5) we obtain
AiD
i(Taz¯)
m¯ = AiD
m¯(Taz)
i = −Am¯i (Taz)i + Am¯Da + A(Taz¯)m¯,
A¯iDi(Taz)
k = A¯n¯D
n¯(Taz)
k = A¯n¯D
k(Taz¯)
n¯ = −A¯kn¯(Taz¯)n¯ + A¯kDa + A¯(Taz)k,
DaA¯jkAijDk(Taz)i = −1
2
A¯jkAijk(Taz)
iDa
+
1
2
R ijm¯k A¯
jkAiDa(Taz¯)m¯ + xDAijA¯ij +Da(Taz¯)m¯A¯im¯Ai. (B.8)
To evaluate the one-loop effective action, we find it convenient to intro-
duce the scalar field reparameterization covariant derivatives of the variable
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ρ, defined as the squared gauge coupling:
ρ =
1
x
= g2, ρi = Diρ = − fi
2x2
, ρi = Kim¯Dm¯ρ = K
im¯ρm¯,
ρij = DiDjρ = − 1
2x2
(
fij − fifj
x
)
,
Dm¯ρi = ρm¯i = −1
x
f¯m¯ρi = 2xρm¯ρi,
Dj
(
x2ρiρ
i
)
= x2ρiρij , Dm¯
(
x2ρiρ
i
)
= x2ρim¯ρi,
DjDk
(
x2ρiρ
i
)
= x2ρiρijk, etc.,
fm¯ij = R
k
im¯jfk = −2x2ρm¯ij − 2xf¯m¯ρij −
fifj f¯m¯
2x2
. (B.9)
It follows from [Dm¯, Di](x
2ρiρ
i) = 0 that
f¯kρj ki +
1
x
f¯kf¯ jρki = fkρ
kj
i +
1
x
fkfiρ
kj. (B.10)
In addition we introduce the variable
a = A +
f¯ i
2x
Ai = e
K/2 (m¯ψ − m¯λ) , ai1···in = Di1 · · ·Dina. (B.11)
The variables a, ρij and 1−x2ρiρi, and all covariant derivatives thereof, vanish
for effective supergravity theories obtained from superstrings in the classical
limit: f(z) = s, K = − ln(s+ s¯) +G(z, z¯ 6= s, s¯), Ws = 0.
We will also need the following identities involving the Yang-Mills field
strength and the space-time curvature. It follows from manipulating products
of the antisymmetric tensor ǫµνρσ that
M˜µν1 M
2
µρ =
1
2
gνρM
µσ
1 M˜
2
µσ −M1µρM˜µν2 , M˜ iµν =
1
2
ǫµνρσM
ρσ
i ,
F˜ aµνF
µν
b F˜
b
ρσF
ρσ
a = −(F aµνF µνb )2 −
(
F aµνF
µν
a
)2
+ 4F aρµF
ρν
a F
σµ
b F
b
σν ,
(F˜ aµνF
µν
a )
2 = −2(F aµνF µνb )2 + 4F aµνFaρσF bµρF νσb , (B.12)
where M iµν is any antisymmetric tensor-valued operator. Using the first of
these gives
TrAµνBµρC˜νσD
σρ =
1
4
Tr
[
(D˜ · A)(B · C)− (A · B)(C˜ ·D)− A˜µνBρσCµνDρσ
]
,
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TrAµνBµρC˜
σρDσν =
1
4
Tr
[
(A ·B)(C˜ ·D) + (D · A)(B˜ · C)−AµνB˜ρσCµνDρσ
]
,
TrAνσBρµC˜µνDρσ =
1
4
Tr
[
(A˜ ·B)(C ·D)− (D · A)(B˜ · C)− A˜µνBρσCµνDρσ
]
,
F˜ aµνF
µρ
a =
1
4
gρνF˜
a
µσF
µσ
a . (B.13)
It follows from the the symmetry properties of the space-time Riemann tensor
that
rρσµνF
νσ
a F
aµρ =
1
2
r ρσµν F
µν
a F
a
ρσ, (B.14)
and, using (B.12) with M1 = F, M2 = F˜ , M˜2 = −F ,
rρσµνF˜
νσ
a F˜
aµρ =
1
2
r ρσµν F˜
µν
a F˜
a
ρσ
= 2rµνF
a
µρF
νρ
a −
1
2
rF aµρF
µρ
a −
1
2
r ρσµν F
µν
a F
a
ρσ. (B.15)
In addition:
F aµν [Dµ,Dρ]F ρνa = cabcF aµνF bµρF cνρ
+rµνF
a
µρF
νρ
a −
1
2
r ρσµν F
µν
a F
a
ρσ. (B.16)
It is convenient to isolate terms that do not contribute to the S-matrix,
using the classical equations of motion:
g−
1
2LI = −KIJDµDµzJ − VˆI − 1
x
Da(T az)JKIJ − 1
2
fI
{W
W , I, J =
{
i, ¯
ı¯, j
,
(xg)−
1
2Laµ = (xg)− 12 gµν ∂L
∂Aaν
= D′′νFaνµ + F˜aνµ∂
νy
x
+
i√
x
Kim¯
(
Dµz¯m¯(Taz)i −Dµzi(Taz¯)m¯
)
. (B.17)
The first of these gives, in particular (M2ψ = mψm¯ψ, M
2
λ = mλm¯λ):
fi√
g
Li =
(
f¯ i√
g
Li
)∗
= −∇2x− i∇2y − 2x4ρiρiW + 1
x
(∂νx+ i∂νy) (∂
νx+ i∂νy)
−2x2ρijDµzjDµzi + 2xe−K
(
2a¯A− a¯iAi
)
+ 2x
(
Vˆ +M2ψ −M2λ
)
,
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− ∂µx√
gx
DµziLi + h.c. =
(
∂µx
x
DµziKim¯DνDν z¯m¯ + h.c.
)
− ∇
2x
x
V
+
∂µx∂
µx
x2
(
V +
x
4
F 2
)
+
∂µy∂
µx
4x
F F˜ + total derivative,
a+ bx2ρiρi
x
√
g
Da(Taz)ILI = a+ bx
2ρiρi
x
(
2Kjm¯DµziDµz¯m¯DaDi(Taz)j + 8xDM2ψ
−2DaDbKab − e−K
[
Da(Taz)iAijA¯j + h.c.
]
+
{
Kin¯Kjm¯Dµzj(Taz¯)m¯
[
(Taz)
iDµz¯n¯ + (Taz¯)n¯Dµzi
]
+ h.c.
}
−∂µx
x
DaKjm¯
[
Dµzj(Taz¯)m¯ + (Taz)jDµz¯m¯
] )
+bxDa
[
DµzkρjρkjKim¯
(
Dµz¯m¯(Taz)i +Dµzi(Taz¯)m¯
)
+ h.c.
]
+total derivative. (B.18)
We absorb a part of the one loop correction into the Ka¨hler potential; a shift
δK in the Ka¨hler potential gives a shift ∆δKL in the Lagrangian:
1√
g
∆δKL = −δKVˆ + δKim¯
(
e−KA¯iAm¯ +DµziDµz¯m¯
)
−
{
δKi
[
e−KA¯iA+
1
2x
Da(T az)i
]
+ h.c.
}
. (B.19)
Taking δK = D, the last equation in (B.18) can be written as
a+ bx2ρiρi
x
√
g
Da(Taz)ILI =
(
a + bx2ρiρi
)( 2√
g
∆DL+ 2D
[
e−Kaa¯− 3M2ψ − 3M2λ − Vˆ
]
+
[
Kin¯Kjm¯DµziDµzj(Taz¯)m¯(Taz¯)n¯ + h.c.
]
+i
∂µy
x2
Da
[
Kim¯(Taz)
iDµz¯m¯ − h.c.
]
− 1
x2
D [∂µx∂µx+ ∂µy∂µy]
)
+bxDa
[
DµzkρjρkjKim¯
(
Dµz¯m¯(Taz)i +Dµzi(Taz¯)m¯
)
+ h.c.
]
+total derivative. (B.20)
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C. Matrix Elements and Supertraces
In this Appendix we list matrix elements of operators appearing in Eqs.
(4.2–4.5) and traces needed to evaluate the divergent contributions to the
one-loop effective action (4.6). Notation and conventions are defined in Ap-
pendix A of I, and the relevant part of the tree Lagrangian [10], [20] is12
1√
g
L(g,K, f) = 1
2
r +Kim¯DµziDµz¯m¯ − x
4
FµνF
µν − y
4
F˜µνF
µν − V
+
ix
2
λ¯ 6Dλ+ iKim¯
(
χ¯m¯L 6DχiL + χ¯iR 6Dχm¯R
)
+e−K/2
(
1
4
fiA¯
iλ¯RλL −Aijχ¯iRχjL + h.c.
)
+
(
iλ¯aR
[
2Kim¯(Taz¯)
m¯ − 1
2x
fiDa − 1
4
σµνF
µν
a fi
]
χiL + h.c.
)
+Lψ + four− fermion terms,
1√
g
Lψ = 1
4
ψ¯µγ
ν(i 6D +M)γµψν − 1
4
ψ¯µγ
µ(i 6D +M)γνψν −
[
x
8
ψ¯µσ
νργµλaF
a
νρ
+ψ¯µ 6Dz¯m¯Kim¯γµLχi − 1
4
ψ¯µγ
µγ5λ
aDa + iψ¯µγµLχimi + h.c.
]
,
M¯ = (M)† = eK/2
(
WR+WL
)
, mi = e
−K/2Ai. (C.1)
If we define
STrF = TrFΦ − 1
4
TrFΘ − 2TrFgh + 2TrFGh, − i
2
T− =
√
g
ln Λ2
32π2
T, (C.2)
where TrFΘ is defined below [see (C.24)], the effective Lagrangian (4.2) is
1√
g
L1 = − Λ
2
32π2
STrH +
lnΛ2
32π2
[
STr
(
1
2
H2 − 1
6
rH +
1
12
GˆµνGˆ
µν
)
+ T
]
,
(C.3)
In the following subsections we list the matrix elements that were not in-
cluded in I; the subscript 0 refers to the contributions without the Yang-Mills
12In I we defined ǫ0123 = 1; here we denote by ǫµνρσ the covariantly constant tensor–
see (A.23). With this definition there is no factor g−
1
2 multiplying the FF˜ term in the
Lagrangian. See also footnote 1.
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sector that are given in Appendix B of I, except that ordinary derivatives are
replaced by gauge covariant derivatives.13
The contributions to STrH from each supermultiplet have been given
in [13]; below we list the analogous contributions to STrH2 and STrG2; we
drop all total derivatives.
1. Boson matrix elements
As in [9] we rescale the quantum gauge fields: Aµ =
√
xAµ. Then the operator
HΦ can be expressed as
ZΦHΦ = H +X + Y −N − S −K,
ΦTZΦHΦΦ = z
IHIJz
J + hµνXµν,ρσh
ρσ + 2hµνYµνIz
I − AˆµNµνAˆν
−2AˆµSµIzI − 2hµνKµν,ρAˆρ, (C.4)
with, in addition to the matrix elements of ZΦ given in I,
Zi,aµ = Zµν,aρ = 0, Zaµ,bν = −gµνδab. (C.5)
Using the results of [9] and Section 2 above, the elements of H,X, Y are
modified with respect to those given in (B.3) of I by14
HIJ = (H0)IJ +DIJ + qaI qaJ + vIJ − (VµV µ)IJ , qia = −
i√
x
(Taz)
i,
13In (B.21) of I 1
2
STrH2 should be modified as follows: the last term in the first line
should be multiplied by eK , the term − 1
2
re−KAijA¯
ij should be added, and the third and
forth lines from the bottom should read:
+
N − 47
4
DµzjDµziDν z¯m¯Dν z¯n¯Kin¯Kjm¯ − N + 17
4
Dµz¯m¯DµziDν z¯n¯DνzjKin¯Kjm¯
+
1
2
DµziDν z¯m¯Kim¯Rjn¯
(DµzjDν z¯n¯ −DνzjDµz¯n¯) .
In addition, the term − 1
6
DµziDν z¯m¯Kim¯Rjn¯
(DµzjDν z¯n¯ −DνzjDµz¯n¯) should be added to
the right hand side of 1
12
STrGµνG
µν in the same equation.
14The Lorentz indices in UIJ and RIJ in Eq.(B.3) of I should be contracted.
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qai =
i√
x
(T az¯)m¯Kim¯, vim¯ = vm¯i = (VµV
µ)im¯ = (VµV
µ)m¯i = 0,
(VµV
µ)IJ =
fIfJ
xfIJ
vIJ =
1
8x2
fIfJ
(
Fµνa Faµν ∓ iF˜µνa Faµν
)
,
vIJ − (VµV µ)IJ = −
x
4
ρIJ
(
Fµνa Faµν ∓ iF˜µνa Faµν
)
, I, J =
{
i, j
ı¯, ¯
,
YµνI = −1
2
(DµDν +DνDµ)KIJzJ − 1
8
fIF
a
µρF
ρ
aν ±
i
32
gµνfIF
σρ
a F˜
a
σρ, I, J =
{
i, ¯
ı¯, j
,
Xµν,ρσ = (X0)µν,ρσ − 2Pµν,ρσD + 1
2
Pµν,ρσFaλτFλτa +
1
4
(
FaµρFaνσ + FaνρFaµσ
)
− 1
16
(
FaµλF λaρ gνσ + FaνλF λaρ gµσ + FaµλF λaσ gνρ + FaνλF λaσ gµρ
)
, (C.6)
where fI ≡ fi(f¯ı¯) for I = i(¯ı), etc.. The potential V = Vˆ + D now includes
the D-term D defined in (B.2) above:
Di = − 1
2x
fiD + 1
x
DaKim¯(T az¯)m¯,
Dji =
1
2x2
fif¯
jD − 1
2x2
fiDa(T az)j − 1
2x2
f¯ jDaKin¯(T az¯)n¯
+
1
x
(Taz)
jKin¯(T
az¯)n¯ +
1
x
DaDi(T az)j ,
Dij = xρijD − 1
2x2
Da(fiKjm¯ + fjKim¯)(T az¯)m¯
+
1
x
Kjm¯(T
az¯)m¯Kin¯(Taz¯)
n¯. (C.7)
The additional nonvanishing elements of ZΦHΦ: are −Naµ,bν , Saµ,I , and
Kµν,aρ, with
15
Naµ,bν = gµν
(
Kab +Kba − 1
2
FaρσFρσb
)
+ 2cabcF
c
µν +
1
2
(
5FaµρF ρbν −FaνρF ρbµ
)
15 In [5], [9], there is an additional graviton-gauge mass term Qµν,aρ; this term drops
out when the prescription (2.10) is adopted.
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−x
2
2
ρiρ
i
(
FaµρF ρbν + FaνρF ρbµ −
1
2
gµνFaρσFρσb
)
−gµνδab
(∇2x
2x
− ∂ρx∂
ρx
4x2
+
∂ρy∂
ρy
2x2
)
+ δab
(∇µ∂νx
x
− ∂µx∂νx
x2
+
∂µy∂νy
2x2
+ rµν
)
,
Saµ,I = ±i 2√
x
KIK
[
Dµ(Taz)
K − ∂µx
2x
(Taz)
K
]
− x
2
ρIJ
(
Faνµ ∓ iF˜aνµ
)
DνzJ
+
1
4x
fI
[
D′νFaνµ + 3∂
νx
2x
(
Faνµ ∓ iF˜aνµ
)]
+2DνzKKIKFaµν , I, J,K =
{
i, j, k¯
ı¯, ¯, k
,
Kaµν,ρ = −
1
2
(
D′′µFaνρ +D′′νFaµρ
)
+
1
4
(
gµρD′′σFaσν + gνρD′′σFaσµ
)
−∂
σx
8x
(
gµρFaσν + gνρFaσµ
)
+
3∂σy
8x
(
gµρF˜aσν + gνρF˜aσµ
)
− 1
8x
(
∂µyF˜aνρ + ∂νyF˜aµρ
)
− gµνF˜aσρ
∂σy
4x
. (C.8)
In writing the above expressions we used the notation in (2.2–3) and the first
identity in (B.12) with M1 = Fa, M2 = F˜b, M˜2 = −Fb. The inverse metric
Z−1 must be included in evaluating the traces of these operators, which are
defined such that
TrHΦ = TrH + TrX + TrN,
TrH2Φ = TrH
2 + TrX2 + TrN2 + 2TrY 2 − 2TrK2 − 2TrS2. (C.9)
In the expressions for the traces16 to be given below, space-time indices are
raised with gµν and scalar indices are raised with Kim¯.
16There is a term missing from TrY 2 in I, namely:
−4Dµz¯m¯Dµz¯n¯DνzjDνziRn¯jm¯i + 4Dµz¯m¯DµziDνzjDν z¯n¯Rm¯jn¯i.
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Finally we need 17
Gˆµν = (Gz +GG +Gg +Ggz +GGz +GgG)µν ,(
Gzµν
)I
J
=
(
Gz0µν
)I
J
± iF aµνDJ(Taz)I , I, J =
{
i, j
ı¯, ¯
,
(
Gzµν
)I
J
=
(
Gz0µν
)I
J
, I, J =
{
i, ¯
ı¯, j
,
(
GGµν
)
αβ,γδ
=
(
GG0µν
)
αβ,γδ
+
1
4
[
FaαµFaγνgβδ
+FaαµFaδνgβγ + FaβµFaγνgαδ + FaβµFaδνgαγ − (µ↔ ν)
]
,(
Ggµν
)
aρ,bσ
= gρσ
(
cabcF
c
µν +
1
2
[
FaλµFλb ν −FaλνFλb µ
])
+ δabrσρµν
−δab
(
ǫρνσλ
[∇µ∂λy
2x
− ∂
λy∂µx
2x2
]
− (µ↔ ν)
)
−δab 1
4x2
(
∂λy∂
λygρνgµσ + ∂σy∂νygρµ + ∂ρy∂µygνσ − (µ↔ ν)
)
+
1
2
[
FaσµFbρν −FaρµFbσν + x2ρiρi
(
FaµρFbνσ + F˜aµρF˜bνσ
)
− (µ↔ ν)
]
(
Ggzµν
)
aρ,I
=
(
Ggzµν
)
I,aρ
= −Dµ
[
x
2
ρI
(
Faνρ ∓ iF˜aνρ
)]
−ǫρµσλ ∂
λy
8x2
fI
(
F σaν ∓ iF˜ σaν
)
− (µ↔ ν), I =
{
i
ı¯
,(
GGzµν
)
αβ,I
= −4
(
GGzµν
)
I,αβ
= ±ixρI
2
[
F˜aαµFaβν + F˜aβµFaαν − (µ↔ ν)
]
, I =
{
i
ı¯
,
(
GgGµν
)
aρ,αβ
=
1
4
[(
gβρDµ − ∂
λy
2x
ǫρµβλ
)
Faαν +
(
gαρDµ − ∂
λy
2x
ǫρµαλ
)
Faβν − (µ↔ ν)
]
,
(
GgGµν
)
αβ,aρ
=
(
gβρDµ − ∂
λy
2x
ǫρµβλ
)
Faαν +
(
gαρDµ − ∂
λy
2x
ǫρµαλ
)
Faβν
−gαβ
(
DµFaρν − ∂
λy
2x
ǫρµσλFσa ν
)
− (µ↔ ν). (C.10)
17In (B8) of I the expression for TrRµνR
µν should be multiplied by 2 and the fourth
line of (B8) of I should read:
(
GGµν
)
γδ,αβ
= δαβ,ρσ
(
rργµνg
σ
δ + r
ρ
δµνg
σ
γ
)
.
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2. Fermion matrix elements
As described in I, we take the Landau gauge condition G = 0, where
G = −γν(i 6D − M¯)ψν − 2( 6DziKim¯Rχm¯+ 6Dz¯m¯Kim¯Lχi)
+
x
2
σνρλaF
a
νρ + 2imIχ
I − γ5Daλa, (C.11)
which we implement by introducing an auxiliary field α. After an appropriate
shift in the gravitino field ψµ, we obtain for the bilinear fermion couplings of
the gravity sector:
1√
g
Lψ+α = −1
2
ψ¯µ(i 6D − M¯)ψµ − α¯(i 6D + 2M)α
+ixψ¯µ 6F µaλa − 2ψ¯µ(Dµz¯m¯Kim¯Lχi +DµziKim¯Rχm¯)
−α¯
(
x
2
σνρλaF
a
νρ − 2imIχI + γ5Daλa
)
. (C.12)
To obtain the ghostino determinant we use the supersymmetry transforma-
tions [10]
iδχi =
1
2
( 6DziR− im¯iL)ǫ, iδχm¯ =
[
1
2
( 6Dz¯m¯L− imm¯R)
]
ǫ,
iδψµ = (iDµ − 1
2
γµM)ǫ, iδλ
a =
[
i
4
γµγνF aµν −
1
2x
γ5Da
]
ǫ, (C.13)
yielding
D2 +HGh =
∂δG
∂ǫ
= DµDµ − 1
2
γµγν [Dµ, Dν]− i[6D,M ]− 2MM¯ + m¯imi +D
+2im¯m¯ 6Dz¯m¯L+ 2imi 6DziR + x
2
σσρF
σρ
a [
1
4
σµνF aµν −
1
x
γ5Da]
−DµziKim¯Dµz¯m¯ + 1
2
γ5[γ
µ, γν ]Dµz¯m¯Kim¯Dνzi. (C.14)
The metric for the gaugino field, as obtained from the classical supergrav-
ity Lagrangian given in (A.9) of I, is Zab = δabx. Following [5] we rescale the
gaugino field λ =
√
xλ′, so for the rescaled field λ′, Zab = δab. The matrix
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elements of MΘ are given by (2.17), (A.11) and (B.9-10) of I and by
18
Mab =
(
M¯ab
)∗
= δabmλ, mλ = −
e−K/2
2x
fkA¯
k,
MaI = δ
ab (mbI +M
µν
bI σµν) , M
I
a =
1
2
KIJ (mJa +M
µν
Jaσµν) ,
mai = mia =
i√
x
(
1
2x
fiDa − 2Kim¯(Taz¯)m¯
)
= m∗aı¯,
MµνaI = −MµνIa = −
ix
4
ρI
(
Fµνa ∓ iF˜µνa
)
, I =
{
i
ı¯
,
2Mαa = −M¯aα = mαa +Mµναaσµν , 2M¯αa = −Maα = m¯αa + M¯µναaσµν ,
mαa = −m¯αa = 1√
x
Da, Mµναa = M¯µναa = −
1
2
Fµνa , (C.15)
with covariant derivatives as defined in (A.21) [see also (B.11) of I]
Dµm
λ = −e−K/2
(
Dµz¯m¯
[
a¯m¯ − A¯m¯
]
+Dµzi
[
fi
2x
a¯− xρikA¯k
])
,
DρMaA = D˜ρMaA − i∂ρy
2x
MaAγ5, DρMAa = D˜ρMAa + i
∂ρy
2x
MAaγ5, A = i, m¯, α,
D˜ρM
µν
ai = −D˜ρMµνia = −
(
D˜ρM¯
µν
aı¯
)∗
=
(
D˜ρM¯
µν
ı¯a
)∗
= −ix
4
[
ρi
(
Dρ + i∂ρy
x
)
+Dρzjρij
] (
Faµν − iF˜aµν
)
,
D˜ρmai = D˜ρmia =
(
D˜ρmaı¯
)∗
=
i√
x
[
Da
(
fi
4x2
[2i∂ρy − ∂ρx]− xρijDρzj
)
+
∂ρx
x
Kim¯(Taz¯)
m¯
+
1
2x
fi(Kjm¯(Taz¯)
m¯Dρzj + h.c.)− 2Kim¯Dn¯(Taz¯)m¯Dρz¯n¯
]
,
D˜µmαa = −
(
D˜µm¯αa
)∗
=
1√
x
(
Kim¯
[
Dµzi(Taz¯)m¯ +Dµz¯m¯(Taz)i
]
− ∂µx
2x
Da
)
,
D˜ρM
µν
αa =
(
D˜ρM¯
µν
αa
)∗
= −1
2
DρFµνa . (C.16)
18(B.10) of I should readMµI = −2ZIJDµzJ , M Iµ = DµzI . The equation before (2.16)
should read A = eKW = eK/2M¯ .
50
Here α is the auxiliary field introduced in I to implement the gravitino gauge
fixing; its couplings to chiral and Yang-Mills matter are given in (3.10) of I.
In addition, there is a λ-ψ connection [5], (Dµ)aν = (Dµ)νa = −Faνµ, that
contributes as follows to the covariant derivatives of the fermion mass matrix:
(DρM)aµ = − (DρM)µa = −e−K/2a¯Faµρ,
(DρM)µI = −2KIJDρDµzJ −MaI Fµρa , (DρM)Iµ = DρDµzI +M IaFaµρ,
(DρM)
a
I = DρM
a
I + 2KIJDµzJFaµρ, (DρM)Ia = DρM Ia +DµzIFaµρ,
(DρM)µα = −MaαFµρa , (DρM)αµ = Mαa Faµρ, (C.17)
The nonvanishing matrix elements of Gµν involving the gaugino field are(
G±µν
)
ab
= cabcF
c
µν + δab (±Γµν + iγ5Lµν + Zµν) + (FaρµFρb ν − µ↔ ν) ,(
G±µν
)
aρ
= − [(Dµ + iγ5Lµ)Faρν − (µ↔ ν)] ,(
G±µν
)
ρa
= − [(Dµ − iγ5Lµ)Faρν − (µ↔ ν)] . (C.18)
As in I, Dµ is the gauge and general coordinate covariant derivative, Γµν and
Zµν are given in (B.13) of I, and
19
Fµν =
√
xFµν , Lµ = −∂µy
2x
, Lµν =
1
2x2
(∂µx∂νy − ∂νx∂µy) . (C.19)
The other matrix elements of Gµν are as given in Appendix (B.12) of I, except
that now the chiral matter connection includes the gauge field:
(Gµν)
I
J = (Rµν)
I
J ± iF aµνDJ(Taz)I + δIJ (Zµν ± Γµν) , I, J =
{
i, j
ı¯, ¯
, (C.20)
where (Rµν)
I
J is defined in (B.8) of I, and the ψ-λ connection gives an addi-
tional contribution to the gravitino matrix element20 of Gµν :(
G±µν
)
ρσ
= gρσ (±Γµν + Zµν)− rρσµν +
(
FaρµFaσν − µ↔ ν
)
. (C.21)
19We use the notation Lµ, Lµν , to denote the field operators defined in (C.19), and also
the matrices defined by these fields multiplying the unit projection operator in the space
of gauginos, as in (3.9–11), (A.22–23), (C.22), etc.
20The last line of Eq. (B12) of I should read (Gµν )
ρ
σ = δ
ρ
σ(γ5Γµν + Zµν)− rρσνµ.
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Finally, in the 8×8 matrix notation of (2.14–17), setting Gµν = G˜µν+iγ5Lµν ,
HΘ = MΘMΘ +
1
4
[γµ, γν ]G˜µν − i 6DMΘ − 2DµMΘµνγν − 4γργσMΘµρMµσΘ
−2LµLµ + iD˜µLµγ5 + 2iγµγργνγ5[Lρ,MµνΘ ],
DˆΘµ = D˜µ + 2γ
νMΘµν + σµνγ5L
ν ,
GˆΘµν = G˜µν + 2γ
ρ
(
D˜µM
Θ
νρ − D˜νMΘµρ
)
+ 4γργσ
(
MΘµρM
Θ
νσ −MΘνρMΘµσ
)
+
[
σρµ
(
γ5D˜νL
ρ − 2iLνLρ
)
− (µ↔ ν)
]
− 2iLρLρσµν − 4i[6L,MΘµν ]γ5
−2
[
γµ
(
{Lρ, M˜Θρν} − i[Lρ,MΘρν ]γ5
)
+ {Lµ, M˜Θνρ}γρ − (µ↔ ν)
]
,
MΘ = mΘ +M
µν
Θ σµν = mΘ +Mσ. (C.22)
Then, defining HΘ = H1 +H2 +H3, with
H1 = MΘMΘ − 4γργσMΘµρMµσΘ ,
H2 = −i 6DMΘ − 2γνDµMΘµν + 2iγµγργνγ5[Lρ,MµνΘ ],
H3 =
1
4
[γµ, γν ]G˜µν − 2LµLµ + iD˜µLµγ5,
G′µν = G˜µν − Zµν , (C.23)
we find the following traces (Tr includes the Dirac trace): Tr1 ≡ 8Tr1, where
Tr is over internal symmetry indices only):
1
8
TrH1 =
1
8
Tr
[
mΘmΘ − 2MΘµνMµνΘ
]
= Tr
[
m¯m− 2M¯µνMµν
]
=
1
8
Tr
(
M2Θ
)
0
+ 4Kaa − 2D
(
1− x2ρiρi
)
+NGM
2
λ +
x
2
F aµνF
µν
a ,
1
8
TrH21 =
1
8
Tr
[
(mΘmΘ)
2 + (σµνσρσM
µν
Θ M
ρσ
Θ )
2 + 4mΘM
µν
Θ mΘM
Θ
µν
+16MµνΘ M
Θ
ρν
(
MΘµσM
ρσ
Θ −MρσΘ MΘµσ
) ]
= Tr
[
(m¯m)2 + 2m¯Mµνm¯Mµν + 2M¯
µνmM¯µνm+ 4M¯µνMρσM¯
µνMρσ
+8
(
M¯µνMµν
)2 − 16M¯µνMρσM¯µρMνσ
]
, (C.24)
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and using (B.12), partial integration and the relation
6DγµγνMµν = 2γνDµMµν + 2iγνDµM˜µνγ5, (C.25)
we obtain
− 1
8
TrH22 = −
1
8
Tr
{
−i 6DmΘ + 2γν[Lµ, M˜µνΘ ] + 2iγνγ5D˜µM˜µνΘ }
}2
= Tr
{
D˜µm¯D˜
µm− 4D˜µ ˜¯MµνD˜ρM˜ρν − 4[Lµ ˜¯Mµρ][Lν , M˜νρ]
+[Lµ, m¯][L
µ, m]− i
(
[Lˆµν , m¯]M˜
µν + [Lˆµν , m]
˜¯Mµν)}, (C.26)
where Lˆµν is defined in (3.11). The remaining traces needed to evaluate
TrHΘ,TrH
2
Θ are:
1
2
TrH3 = (N +NG + 5)r − 2NG∂µy∂
µy
x2
,
1
2
TrH23 = NGTrh
2
3 + (N + 5)
r2
4
−Tr
(
[Γ′µ, L
µ]
)2 − 1
4
Tr
(
G′µνG
′µν
)
1
2
Tr (H1H3) =
1
2
Tr
[(
r
4
− 2LµLµ
)
H1 − 2MΘµνM˜µνΘ D˜ρLρ − iG′µν{MµνΘ , mΘ}
]
1
2
TrGˆΘµνGˆ
µν
Θ =
1
2
Tr
{
G˜µνG˜
µν + 16G˜µνM
µρ
Θ M
νσ
Θ γργσ + 8D˜µM
Θ
νρ
(
D˜µMνρΘ − D˜νMµρΘ
)
+16
(
D˜µM
µν
Θ {Lρ, M˜Θρν} − D˜µM˜µνΘ {Lρ,MΘρν}
)
+ 4[Γ′µ, Lν ][Γ
′µ, Lν ]
+2
(
[Γ′µ, L
µ]
)2 − 32 (MΘµνMµνΘ MΘρσMρσΘ +MΘνρMµρΘ MΘµσMνσΘ )
−32MΘµσMΘνρ (MµσΘ MνρΘ − 3MνσΘ MµρΘ ) + 80LµLνMµρΘ MΘνρ
−80LρLρMµνΘ MΘµν + 24D˜µLµM˜ΘνρMνρΘ
}
+NGTr
(
gˆ2 − g˜2
)
, (C.27)
where Trh23,Trgˆ
2,Trg˜2 are given in (C.66), and Γ′µ is the gaugino-gravitino
connection.
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3. Ghost matrix elements
For the gravitino ghost, HGh is defined by (C.14). For the bosonic ghosts we
have
Hµνgh =
(
Hµνgh
)
0
+
3
2
FaµρF ρaν ,
Habgh = Kab +Kba −
1
2
FaµνFµνb − δab
(∇2x
2x
− ∂µx∂
µx
4x2
)
,
Hghµa =
1√
2
DνFaµν + Faµν ∂
νx√
2x
+
√
2qaIDµzI ,
(Hgh)aν = −
1√
2
DµFaνµ −Faνµ
∂µx√
2x
−
√
2qaIDνzI , (C.28)
(
Gˆghµν
)
ρσ
= −rρσµν + 1
2
(
FaρµFaσν − (µ↔ ν)
)
,(
Gˆghµν
)
ab
= cabcF
c
µν +
1
2
(FaρµFρb ν − (a↔ b)) ,
(Gˆghµν)
a
ρ = (Gˆ
gh
µν)
a
ρ = −
1√
2
(
DµFaρν −DνFaρµ
)
. (C.29)
4. Chiral multiplet supertraces
Defining
1
2
STrH2χ = H
i
jH
j
i +HijH
ij − 1
8
Tr
(
HIJΘ H
Θ
IJ
)
, hχm¯i = (m¯m)m¯i, (C.30)
we have
1
8
Tr (Hχ1 )
2 = Tr h2χ +
x4(ρiρi)
2
8
DaDbF aµνF µνb ,
(hχ)ji = e
−K
(
AkiA¯
jk − AiA¯j
)
− 2DµzjDµz¯m¯Kim¯ + 1
4x2
fif¯
jD
− 1
2x2
fiDa(T az)j − 1
2x2
f¯ jDaKin¯(T az¯)n¯ + 2
x
(Taz)
jKin¯(T
az¯)n¯,
Hji = (h
χ)ji + δ
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)
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(
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)
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+
1
4x2
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where
W =Waa , Wab =
1
4
(
F aµνF
µν
b − iF aµνF˜ µνb
)
− 1
2x2
DaDb (C.32)
is the bosonic part of the F-component of the chiral superfield W aαW
α
b , and
W aα = λ
a
α +O(θ) is the Yang-Mills field strength supermultiplet. Thus:
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2
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1
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1
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=
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where
Tr hχ = e−KA¯ijAij − Vˆ − 3M2ψ − 2DµziDµz¯m¯Kim¯ + x2ρiρiD + 2Kaa,
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[(
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)
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i
(
2(Tbz)
j + xρjDb
)
+ h.c.
]
+
i
2
x2ρiρiDµzjDν z¯m¯Kim¯DaF µνa , (C.34)
and the chiral fermion contributions to the helicity-odd operator T are
T χ = T χ3 + T
χ
4 ,
T χ3 =
[
X˜µν− (M, M¯)
]m¯
n¯
(
G′+µν
)n¯
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−
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a
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,
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T χ4 =
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M¯µνMρσ
)j
i
− 2
[
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8
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Then we obtain
STrHχ = STr (Hχ)0 + 2x
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+
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(
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}
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where
ki = Dik, k = e
−KAijA¯
ij − 2Vˆ − 10M2ψ − 4Kaa. (C.37)
Finally we have21
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5. Mixed chiral-gauge supertraces
For the bose sector we have HχgΦ = −S, and
TrS2 =
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21The term +4DµziDν z¯m¯Kim¯Rjn¯
(DµzjDν z¯n¯ −DνzjDµz¯n¯) should be included in the
right hand side of (B.14) of I.
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In writing this expression we dropped total derivatives and used (B.10) and
(B.12–B.14), as well as the Yang-Mills Bianchi identity. In addition we used
(B.3–5) and (B.8) and
√
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i
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. (C.40)
To evaluate the fermion matrix elements we use (3.34); we have
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]
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and, using (C.40),
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We write the χ-λ contribution to T as
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where
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]
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In addition we have
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Using the classical equations of motion (B.17–20), we obtain, with k1 =
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6. Mixed chiral-gravity supertraces
For the bosonic sector HχGΦ = S; using (C.39) we obtain
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For the fermions, we have
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=
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giving
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The contribution to T is
T χG = T χG4 + T
χG
3 ,
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which for future reference [see (C.59,62)] we write as
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The contribution to STrGˆ2 is
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7. Yang-Mills and gravity supertraces
For the remaining bosonic contributions, we have Hg+GΦ = X − N −K; we
write Nab = N
′
ab + δabn, and evaluate separately in the next subsection the
terms that depend only on n and are proportional to NG, the number of
gauge degrees of freedom. Then:
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In writing these expressions we dropped total derivatives and used (B.10)
and (B.12–B.14), as well as the Yang-Mills Bianchi identity.
Finally, writing
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where CaG is the Casimir in the adjoint representation, and we used (C.10)
and (B.12–14).
For the fermions we define Hg+G = Hg +HG +HgG, with
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where hi, g˜µν and gˆµν are 4× 4 Dirac matrices. Then we obtain:
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The nonvanishing contributions to T g+G are:
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Finally, for the ghost sector, defining
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F aµρD′′νFνρa − CaGF aµνF µνa +
x2
4
(
F aµνF˜
µν
a
)2
−x
2
8
[(
F aµνF
µν
a
)2
+
(
F aµνF
µν
b
)2
+
(
F aµνF˜
µν
b
)2]
. (C.60)
For the ghostino, TrGµνG
µν is given in (B.18) of I, and the remaining traces
are modified with respect to that equation by22
TrHGh = (TrHGh)0 + 4D + xF aµνF µνa ,
TrH2Gh =
(
TrH2Gh
)
0
+ 4D2 + 2xDF aµνF µνa − 24iDaF µνa DµziKim¯Dν z¯m¯
+2
(
4D + xF aµνF µνa
)(
Vˆ +M2ψ −DρziKim¯Dρz¯m¯ −
r
4
)
+2DaDbF aµνF µνb +
x2
4
[(
F aµνF
µν
a
)2 − (F aµνF˜ µνa )2] . (C.61)
For the supertraces we obtain [see (B.17–20)]
STrHg+G = STrHG0 +NGSTrh
g − 2D
(
4 + x2ρiρ
i
)
,
1
2
STrH2g+G =
1
2
[
STr
(
H2G
)
0
+ STr
(
H2χG
)
0
− STrH2χG +NGSTrh2g
]
− T g+G3 − T gG4
− 7
gx
LaµLaµ + 4√
gx
[
4iLaµ
(
Kim¯Dµz¯m¯(Taz)i − h.c.
)
+Da(Taz)ILI
]
+
Lνa√
g
[(
7 + x2ρiρi
)
∂µxF aµν + 3∂
µyF˜ aµν
]
− 12√
g
∆DL+ rKaa
22 The last term in the equation for TrH2Gh should be −18ΓµνΓµν .
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+x
(
2− 7x
2ρiρ
i
8
)
rµνF
a
µρF
νρ
a −
x
4
(
3− 7x
2ρiρ
i
8
)
rF aµνF
µν
a
+4KabF µνa F bµν + 3CaG
(
Waa +Waa
)
+
2
x2
CaGDaDa − 2xρiρiKabDaDb
−
(
5 +
x2ρiρ
i
2
)
rD −Kaa
(
∂µx∂µx
x2
+
∂µy∂µy
x2
)
− 2x2ρiρiDM2λ
−4KaaM2λ − 2e−K
(
DAia¯i + h.c.
)
+ 2D
(
31Vˆ + 29M2ψ + 11M
2
λ
)
−4e−Kaa¯D + 2x
(
W +W
) (
2M2ψ −M2λ
)
− 4xe−K (WAa¯ + h.c.)
+2i
(
2
D′′µFµρa√
x
− ∂µx
x
F µρa
)
Kim¯
[
Dρz¯m¯(T az)i −Dρzi(T az¯)m¯
]
−2∂
µx
x
F aµρD′′νFνρa −
1
x2
Da
[
(3∂µx+ 8i∂µy)Kim¯(T
az)iDµz¯m¯ + h.c.
]
+
4
x
DµziDµz¯m¯Kjm¯DaDi(T az)j − i
(
26− x2ρiρi
)
Kjm¯DµzjDν z¯m¯DaF µνa
− i
x
[(
5 + x2ρiρi
)
∂µxF
µν
a + 5∂µyF˜
µν
a
] (
Kjm¯Dν z¯m¯(T az)j − h.c.
)
+
13
2x2
(∂µx∂µx+ ∂
µy∂µy)D +
(
∂ρx∂ρx
8x
+
∂ρy∂ρy
4x
)
F aµνF
µν
a
− 1
4x
F aµρF
νρ
a (6∂
µx∂νx− ∂µy∂νy)− 1
x
F aµνF˜
µν
a ∂
ρx∂ρy
−xρ
iρi
4
[
F aµνF
µν
a
(
∂ρx∂ρx− 1
2
∂ρy∂ρy
)
+ F aµνF˜
µν
a ∂
ρx∂ρy + 2F
a
µνF
µρ
a ∂
νy∂ρy
]
+ρiρi∂
µy∂µyD − F µρa
(
∂µx
2
F aνρ −
∂νx
8
F aµρ
) (
Dνziρij f¯ j + h.c.
)
+x2
[(
F aνρF
µρ
a − iF aνρF˜ µρa
) (
2DµziDνzj − gνµDσziDσzj
)
ρij + h.c.
]
+6x2WabWab + 8DaDb
(
Wab +Wab
)
+ 2D2
(
19− x2ρiρi
)
+x3ρiρi
(
x2ρiρi − 1
) [
xWW + xWabWab +D
(
W +W
)]
−x2ρiρi
(
3
2
− x
2ρiρi
4
)
DaDb
(
Wab +Wab
)
−
(
8D + 2xF aρσF ρσa
)
DµziDµz¯m¯Kim¯ + 12xF aρµF ρνa DνziDµz¯m¯Kim¯,
1
12
STrGˆ2g+G =
1
12
STr
(
G2g+G
)
0
+
1
12
NGSTrgˆ
2 − 1
12
STrGˆ2χG −
1
12
STrGˆ2χ
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−T χG − T g4 − T χ4 +
x3ρiρ
i
4
(
rνµF
µρ
a F
a
νρ −
r
4
F aµνF
µν
a
)
− 1
8x
(FµνF
µν∂ρy∂ρy − 2FµρF νρ∂µy∂νy) + i
6
F aµνKjm¯DµzjDν z¯m¯Di(Taz)i
+
xρiρi
96
(FµνF
µν∂ρy∂ρy − 4FµρF νρ∂µy∂νy) + x4ρiρi
(
WabWab +WW
)
+x2ρiρ
i
[
3
2
DaDb
(
Wab +Wab
)
+ xD
(
W +W
)
+ 6D2
]
+x4
(
ρiρ
i
)2 [
x2
(
WabWab −WW
)
− 2D2 − xD
(
W +W
)]
. (C.62)
The space-time curvature dependent terms in the supertraces evaluated in
sections C.4–7 give a contribution Lr of the form (2.23) of I with
Hµν = H
0
µν +H
g
µν +
lnΛ2
32π2
[
x
(
4− x2ρiρi
)
F aµρF
ρ
aν − gµνxF aρσF ρσa
(
3
2
− 1
4
x2ρiρ
i
)]
,
ǫ0 = (ǫ0)0 + ǫ
g
0 −
ln Λ2
32π2
{
22
3
D + 2x2ρiρiD + 2
3x
DaDi(T az)i
}
,
α = α0 + α
g, β = β0 + β
g, (C.63)
where αg, etc. are evaluated in section C.8. The metric redefinition in
(2.24–25) of I gives (4.11), and we get a correction23 ∆rL:
∆rL = (∆rL)0 +∆rgL+
lnΛ2
32π2
{
N − 67
3
D2 − 2N + 118
3
DVˆ − 4N + 32
3
DM2ψ
+
(
DµziDµz¯m¯Kim¯ − 2V
) [
2x2ρiρ
iD + 2
3x
DaDi(T az)i
]
− 2xV
(
W +W
)
23Eq.(B23) of I should read:
1√
g
∆rL = lnΛ
2
32π2
[{
−2e−K
(
AkiA¯
ik − 2
3
RknAkA¯
n
)
− (N + 17)Vˆ − 4N + 32
3
M2ψ
}
Vˆ
+
[
Kim¯
{
N + 59
3
Vˆ + e−K
(
AkiA¯
ik − 2
3
RknAkA¯
n
)
+
2N + 16
3
M2ψ
}
+
4
3
Rim¯Vˆ
]
DρziDρz¯m¯
−
{(
2
3
Rim¯ + 8Kim¯
)
DρziDρz¯m¯gµν − N + 29
6
(DµziDν z¯m¯ + DνziDµz¯m¯)Kim¯}DµzjDµz¯n¯Kin¯].
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−2De−K
(
AijA¯
ij − 2
3
RijAiA¯
j
)
+
1
3
DDµziDµz¯m¯ [4Rim¯ − (N − 61)Kim¯]
+
(
N + 29
6
− x2ρiρi
) [
2x2WabWab +
(
Wab +Wab
)
DaDb + 2D2
]
+
(
N + 35
3
− x2ρiρi
)
x
4
F aρσF
ρσ
a DµziDµz¯m¯Kim¯
−
(
N + 29
3
− x2ρiρi
)
xF aρµF
ρν
a DνziDµz¯m¯Kim¯
}
, (C.64)
where ∆rgL is given in (C.73) below.
8. Order NG contributions
The bosonic traces are
n = r − ∇
2x
x
− 3∂
µy∂µy
2x2
,
n2 = rµνr
µν − r
[∇2x
x
− ∂µx∂
µx
2x2
+
∂µy∂
µy
x2
]
+ rµν
[
2∇ν∂νx
x
− ∂µx∂νx
x2
+
∂µy∂νy
x2
]
+
(∇2x
x
)2
− 3∂µx∂
µx∇2x
2x3
+
∂µy∂
µy∇2x
x3
− ∂µy∂
µx∇2y
x3
+
1
4x4
[
3 (∂µx∂
µx)2 + 8 (∂µy∂
µx)2 + 3 (∂µy∂
µy)2 − 5∂µx∂µx∂νy∂νy
]
, (C.65)
and
gˆ2 =
1
x2
[
3(∇2y)2 − 6∂µy∂
µx
x
∇2y + (∂µy∂
µx)2
x2
+
2∂µy∂
µy∂νx∂
νx
x2
− 3(∂µy∂
µy)2
4x2
]
+
(
r2 − 4rµνrµν
)
− 2rµν ∂µy∂νy
x2
+ r
∂µy∂µy
x2
. (C.66)
The fermion traces are (here Tr includes the ordinary Dirac trace; Tr1 = 4):
1
4
Trh1 = M
2
λ ,
1
4
Trh21 =M
4
λ ,
−1
4
Trh22 = e
−KDµziDµz¯m¯
[
(ai −Ai)
(
a¯m¯ − A¯m¯
)
+ x2ρikA¯
kρjm¯Aj +
f¯m¯fi
4x2
aa¯
]
+e−K
[
DµziDµzj (ai − Ai)
(
fj
2x
a¯− xρjnA¯n
)
+ h.c.
]
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−1
2
e−KDµziDµz¯m¯
(
f¯m¯ρikaA¯
k + h.c.
)
,
Trh3 = r − 2∂µy∂
µy
x2
,
Tr (h1h3) =
(
r − ∂µy∂
µy
2x2
)
M2λ ,
Trh23 =
1
4
r2 − 1
2
Tr (g˜µν g˜
µν − ZµνZµν)− (∇
2y)2
x2
+2
∇2y∂µx∂µy
x3
− r∂µy∂
µy
x2
+
(∂µy∂
µy)2
x4
− (∂µy∂
µx)2
x4
,
Trgˆµν gˆ
µν = Trg˜µν g˜
µν + 6
(∇2y)2
x2
− 12∇
2y∂µx∂
µy
x3
+ 2r
∂µy∂
µy
x2
− 4rµν ∂µy∂νy
x2
−6(∂µy∂
µy)2
x4
+ 2
(∂µx∂
µy)2
x4
+ 4
∂µy∂
µy∂νx∂
νx
x4
,
Trg˜µν g˜
µν = 4ΓµνΓ
µν +TrZµνZ
µν = 4ΓµνΓ
µν +
1
2
r2 − 2rµνrµν . (C.67)
To evaluate t3, Eq. (C.58), we write it as
t3 =
∂µx+ i∂µy
2x
m¯λD˜
µmλ − ∂
µx− i∂µy
2x
m¯λD˜
µmλ + h.c.
=
e−K
2x
(
f¯m¯Dµz¯m¯ − fiDµzi
) (
a¯− A¯
) [
Dµzj (aj −Aj)
−Dµz¯n¯
(
f¯n¯
2x
a− xρjn¯Aj
)]
+ h.c.. (C.68)
The ghost traces are:
Trhgh = −∇
2x
2x
+
∂µx∂
µx
4x2
, Trh2gh =
(∇2x
2x
− ∂µx∂
µx
4x2
)2
. (C.69)
The supertraces are
− r
6
STrh =
r
3
M2λ −
r2
12
+ r
∂µx∂
µx
12x2
+ r
∂µy∂µy
12x2
,
1
2
STrh2 = −t3 − r
2
16
+
1
2
rµνr
µν −M2λ
(
r
2
− ∂µy∂
µy
4x2
)
−M4λ +
1
2
ΓµνΓ
µν
−r
(∇2x
2x
− ∂µx∂
µx
4x2
+
∂µy∂
µy
4x2
)
+ rµν
(∇ν∂νx
x
− ∂µx∂νx
2x2
+
∂µy∂νy
2x2
)
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+
(∇2x)2
4x2
+
(∇2y)2
4x2
− 1
2x3
[
(∂µx∂
µx− ∂µy∂µy)∇2x+ 2∂µx∂µy∇2y
]
+
5
16x4
|(∂µx+ i∂µy) (∂µx+ i∂µy)|2 − 3
16x4
(∂µy∂
µy)2
+e−KDµziDµz¯m¯
[
(ai −Ai)
(
a¯m¯ − A¯m¯
)
+ x2ρikA¯
kρjm¯Aj −
f¯m¯fi
4x2
aa¯
]
+e−K
{
DµziDµzj
[
(ai − Ai)
(
fj
2x
A¯− xρjnA¯n
)
+
fifj
4x2
aa¯
−fj
2
(a− A) ρikA¯k
]
+ h.c.
}
+
e−K
2x
{
DµziDµz¯m¯f¯m¯
[(
a¯− A¯
)
(ai −Ai)− xρikAA¯k
]
+ h.c.
}
,
1
12
STrgˆ2 =
1
16
(
r2 − 4rµνrµν
)
+
3
16x4
(∂µy∂
µy)2 − 1
6
ΓµνΓ
µν . (C.70)
Dropping the total derivative
∂µ
(
∂µx
x
M2λ
)
=
∇2x
x
M2λ −
∂µx∂µx
x
M2λ +
∂µx
x
DµM2λ
and using the equations of motion (B.18), we can write
NG
ln Λ2
32π2
[
STr
(
h2 − r
6
h+
1
12
gˆ2
)
+ t3
]
= Lrg +NG ln Λ
2
32π2
[
x2ρiρj√
g
LiLj +
(
X igLi + h.c.
)]
+NG
√
g
ln Λ2
32π2
{
x6
(
ρiρi
)2WW − 2M4λ + 3M2ψ − 2M2ψM2λ + Vˆ 2
+6e−Kaa¯M2ψ − e−K
(
a¯iAi + h.c.
) (
Vˆ +M2ψ
)
+e−2KaiA¯
ia¯jAj − 2e−2K
(
a¯iAiaA¯+ h.c.
)
+ 2Vˆ
(
2M2ψ − 2M2λ + e−Kaa¯
)
+e−KDµziDµz¯m¯
[
(ai −Ai)
(
a¯m¯ − A¯m¯
)
+ x2ρikA¯
kρjm¯Aj +
f¯m¯fi
4x2
aa¯
]
+e−K
{
DµziDµzj
[
(ai − Ai)
(
fj
2x
A¯− xρjnA¯n
)
− fi
2x
aiA¯− fi (a−A) ρikA¯k
]
+ h.c.
}
+
e−K
2x
{
DµziDµz¯m¯f¯m¯
[
2a¯ai − xρik (a−A) A¯k
]
+
fifj
2x2
a¯ (2a−A)DµziDµzj + h.c.
}
+x
(
ρijDµziDµzj + h.c.
) (
M2ψ − Vˆ
)
+ e−K
[
xρijDµziDµzj
(
akA¯
k − 2A¯a
)
+ h.c.
]
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116x4
|(∂µx+ i∂µy) (∂µx+ ∂µy)|2 − x3ρiρi
(
W +W
) (
M2ψ + Vˆ
)
+x3ρkρk
[
W
(
xρijDµziDµzj + e−KAia¯i − 2e−K a¯A
)
+ h.c.
]
+
1
3
ΓµνΓ
µν + x2ρijDµziDµzjρn¯m¯Dν z¯m¯Dν z¯n + total derivative. (C.71)
where
X ig = (X
ı¯
g)
∗ =
f¯ i
2x
[
x3ρjρjW + xρjkDµzjDµzk + e−K
(
a¯jAj − 2a¯A
)
− V −M2ψ
]
,
(C.72)
and Lrg is of the form (2.23) of I with
αg = −NG
6
lnΛ2
32π2
, βg =
NG
2
lnΛ2
32π2
, ǫg0 = −
ln Λ2
32π2
NG
3
M2λ ,
Hgµν = NG
ln Λ2
32π2
{
gµν
(
−∇
2x
x
+
2∂ρx∂
ρx
3x2
− ∂ρy∂
ρy
3x2
)
+2
∇µ∂νx
x
− ∂µx∂νx
x2
+
∂µy∂νy
x2
}
. (C.73)
Finally, using the equations of motion (B.17–18) we obtain [see (C.62)]:
∆rgL = −NG ln Λ
2
32π2
∂ρx
x
[
F ρµa Laµ +
(
DρziLi + h.c.
)]
+
√
gNG
ln Λ2
32π2
{
− 1
3
V 2 +
1
3
M2λ
(
DµziDµz¯m¯Kim¯ − 2V
)
+
1
3
VDµziDµz¯m¯Kim¯
+
(
∂νx∂
νx
x2
+
∂νy∂
νy
x2
)(
1
3
DµziDµz¯m¯Kim¯ − 1
6
V − x
8
F µρa F
a
µρ
)
+
(
x
2
F µρa F
a
νρ −DνziDµz¯m¯Kim¯
)(
∂µx∂
νx
x
+
∂µy∂
νy
x
)
− 1
3
(
DµziDµz¯m¯Kim¯
)2
+
1
2
Kim¯Kjn¯
(
DµziDµzjDν z¯m¯Dν z¯n¯ +DµziDµz¯n¯Dν z¯m¯Dνzj
)
+
1
4
xF aρσF
ρσ
a DµziDµz¯m¯Kim¯ − xF aρµF ρνa DνziDµz¯m¯Kim¯
+
x2
16
[(
F aρσF
ρσ
b
)2
+
(
F aρσF˜
ρσ
b
)2]}
. (C.74)
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Combining the results of sections C.4–8, and evaluating L1−Lr+∆rL−
∆KL−∆xL − LAXA − LALBXAB, with
−4e−KA¯iALi+h.c. = −
(
LIXI
)
0
−4√g
[
x
(
W +W
)
M2ψ − 4DM2ψ − xe−K (Wa¯A+ h.c.)
]
,
yields the result given in (4.6–12), where we used gauge invariance to write
0 = δa
(
DµziDµzjρij
)
= DµziDµzj
[
(Taz)
kρijk + 2ρikDj(Taz)
k − (Taz¯)m¯ρm¯ij
]
= Dµzi
(
Dµ
[
(Taz)
jρij
]
+
[
ρikDj(Taz)
k − (Taz¯)m¯ρm¯ij
]
Dµzj − (Taz)jρm¯ijDµz¯m¯
)
,
0 = δa
(
ρiA¯
i
)
= ρij(Taz)
jA¯i − ρi(Taz¯)m¯A¯im¯ +DaρiA¯i,
0 = δa
(
fif¯
i
)
= 2x
[
ρim¯(Taz¯)
m¯fi − ρij(Taz)j f¯ i
]
0 = δa
(
ρiVˆ
i
)
= ρij(Taz)
jVˆ i − e
−K
x
(
ajA¯− aijA¯i + Aij a¯i − xρm¯ijAm¯A¯i
)
(T az)j
−e
−K
x
[
Da(aa¯− Aa¯− aA¯) + 2xρim¯(Taz¯)m¯Ai(a¯− A¯)
]
. (C.75)
We also used the following identities, that hold up to a total derivative:
0 = DµziDµ
(
Daρij(T az)j
)
− ρijDa(T az)j
[
g−
1
2Li + Vˆ i + 1
x
Db(T bz)i + 1
2
f¯ iW
]
,
0 = −∂
µy
x
Kim¯
[
(Taz)
iDν z¯m¯ + (Taz¯)m¯Dνzi
]
F aµν
+Da∂
µy
x2
[
1√
g
Laµ + 2∂νxF aµν − iKim¯
(
Dµz¯m¯(T az)i −Dµzi(T az¯)m¯
)]
,
0 = −∂
µx
x
Kim¯
[
(Taz)
iDν z¯m¯ + (Taz¯)m¯Dνzi
]
F˜ aµν ,
0 = −∂µx
x2
DaKim¯
[
(Taz)
iDµz¯m¯ + (Taz¯)m¯Dµzi
]
+D
[
1
x2
(∂µx∂
µx+ ∂µy∂
µy)− 4
(
M2ψ −M2λ
)
− 2
(
Vˆ + e−Kaa¯
)
+
(
f¯ iLi
2x
√
g
+ e−KaiA¯
i + xρijDµziDµzj + x3ρiρiW + h.c.
) ]
,
0 = −2x2ρiρiDνAν +
(
f¯ iρijDνzj + h.c.
)
Aν , (C.76)
where −DνAν is given by the right hand sides of the second and third equa-
tions in (C.76), with Aν = (∂
µy/x)DaF aµν , (∂µx/x)DaF˜ aµν , respectively.
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